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BBenenue

Kypc «OcnoBbl kubepHeruku» (panee «DJjieMeHThl Kubep-
HETUKI» ), CO3/ATEIeM W OCHOBHBIM JIEKTOPOM KOTOPOTO OBLIT
wi-kopp. PAH C.B. {6sionckuit, untaercss Ha dakyabrere
BMK MI'Y c nepsbix JieT ero cyiectBoBanusi. B nHacrosiiee
BpeMsI OH YuTaercsi B 6—-8 cemMecTpax u sIBISeTCs 0032 Te/IbHBIM
JUIsi Bcex 6akaJsiaBpoB (MHTEIPHPOBAHHBIX MArMCTPOB) HAIIPAB-
sgennsa 01400 — «IIpuksagnas mareMaTnka 1 UHOOPMATHKAS.
ITpu sTom 0ObeM U, B HEKOTOPOIl CTEIEHM, ITPOrpaMMa Kypca
«OCHOBBI KHOEPHETHKIY» BAPbUPYIOTCA B 3aBUCUMOCTH OT IIPO-
bus.

Kypc «OcHOBBI KHOEpHETUKI» TOCBSIIIEH M3JIOXKEHUIO TEO-
pUU JUCKPETHBIX YIIPABJISAIONIAX CUCTEM, KOTOPasi IIPeICTaBIIsi-
eT coboif JacTh AUCKPETHON MATEeMATHKH M MaTeMaTUIeCKOH
kubepHeTuku. B Heil pa3pabaThIBAIOTC U U3YUYAIOTCS JTUCKPET-
HbIE MaTeMaTUIeCKUEe MOJEJH, ONUCHIBAIOIIIE (OYHKIIMOHIPO-
BaHUE W CTPYKTYPY CJIOKHBIX CHCTEM IIpeobpazoBanus nHMOP-
Maruu (MHTErpabHBIX CXEM, IIPOIPAMM U T.1I.). B ocHOBe 9THX
MOJIeJIel JIeXKAT Pa3JIndHbIe CIIOCOObI 3a/Ianust (DYHKIIMOHUPOBA-
HUsI YIPABJISIOMIAX CUCTEM C IOMOIIBIO JTUCKPETHBIX (DYHKITHI
U UX CTPYKTYPHas peasin3alys B TeX WM MHBIX Kjaccax rpa-
dos. (kmaccax cxem). [Ipu uccieoBaHUN yIPABJISIIONX CHCTEM
CTaBATCS U PEIIAIOTCs JIBE OCHOBHBIE 33JIa49M: 33/[a4a aHAJII3a
U 3a/laua CHHTE3A.

Bajavua aHaIN3a COCTOUT B HAXOXKJIEHUH (PYHKIIMOHUPOBA-
HUsl JIAHHOW CXEMBI, a 3aJlada CHHTEe3a — B IHOCTPOEHUU CXEMBI,
numerorneii (peanusyroneii) 3aaansoe dyHkiponnposanue. Kax-
Jlas U3 9TUX 3389 MOYKET PACCMATPUBATLCH JTUOO KaK WHJIU-
BUJIya/IbHAS 3aJla9a, U TOTJA €€ PEIeHueM SIBJIsIeTCS KOHKPeT-

A
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Hoe yHKIMOHUpOBaHUe (cxema), JnbO Kak MaccoBas 3ajada,
U TOTJIa €€ PENIeHUEM JIOJIKEH OBbITh AJIPOPUTM HAXOXKJECHUS
dbyHuKImoHNpOoBaHus (cxeMbl). 3a/aua CHHTE3a NMeeT, KaK Ipa-
BHUJIO, MHOYKECTBO DEIIeHMi, U3 KOTOPBIX BBIOMPAIOT pelleHue,
OIITUMAJILHOE TI0 KAaKOMY-Iubo Kpurepuio. Halle Bcero B Ka-
YeCTBEe TAKOIO KPUTEPHUs BBICTYIIAET CJIOZKHOCTD CXEMbI, TIOHU-
MaeMasi KaK CyMMa CJIO2KHOCTEH COCTaBJISIFOIIUX €€ 3JIEMEHTOB
WIN 33JepKKa CXeMbl, IIOHUMaeMasi KaK MAaKCHMAaJIbHas CyM-
Ma 3aJIepKeK JJIsi TOCIeOBATEIbHO COEIMHEHHBIX 3JIEMEHTOB
CXEMBI.

C coziepkaTe/IbHON TOYKHU 3pEHUsT PA3IUIHbIE KPUTEPUH OIl-
TUMAJILHOCTH OTPAXKAIOT Pa3JIUYHble [apaMeTpbl MO/JIEJIUpye-
MBIX 9JIEKTPOHHBIX CXEM WJIU [IporpaMM. Tak, HAIpUMep, CJI0XK-
HOCTb MOXKET XapaKTepU30BaTh CTOMMOCTb, pa3sMepbl WUJIN IIO-
tpebasemyto momaocTs CBUC, a Tak:ke BpeMsi BBIIIOJHEHUS
IporpaMMBI Ha OJTHOM Iiporieccope. IIpu 3ToM 3a1epKKa CXeMBI
xapakTepudyer Bpemsi cpabarbiBanus CBUC wiu Bpems Bbi-
[TOJTHEHUST TPOTPaMMBI Ha HapaJijielbHbIX [IPOIEeccopax | T.II.

Ecin 3ama1a cunTesa perieHa B OHON MOJEIN, MOXKHO IIbI-
TATbCsI [IEPEHECTH 3TO PENIeHUe B JPYTHe MOJEIU C ITOMOIIBIO
CTPYKTYPHOI'O MOjiesinpoBaHus. Kpome TOro, MmoJiydeHHOe pe-
[MeHNe MOXKHO <«YJIYUIIATB» C MOMOIIBIO SKBUBAJEHTHBIX IIpe-
obpazoBanwuit. C Ipyroit CTOPOHBI, ecJin 3a/ia9a CHHTE3a PEIeHa
JUIst OHUX (DYHKITHH, MOYKHO TIBITATHCSI «Pa3bUThy (JIeKOMIIO3U-
POBaTh) HOBYIO (PYHKIMIO HA YK€ PACCMOTPEHHBIE U TIOCTPOUTH
U3 CHHTE3UPOBAHHBIX JIJIsT HUX CXEM CXeMYy JIJIsi HOBOU (DYHKITUI
C TIOMOIIIBIO OLEPAIUH CYTIEPIIO3UIUH.

VKazaHHBIE BBIIIE 33/Ia91 PACCMATPUBAIOTCS B JIEKITUSIX JIJTsT
BCEX OCHOBHBIX KJIACCOB CXeM (IM3BIOHKTHBHBIE HOPMAJbHBIE
dopmbl, HOpMYJIBI U cXeMbl U3 (DYHKIIMOHAJBHBIX 3JIEMEHTOB,
KOHTAKTHBIE CXEMBI), a TaKKe JJIsi HEKOTOPHIX MO/ IibUKAIMil
9TUX KJIACCOB.

[IepBas riaBa mocBsIEeHa PA3IUIHBIM BOIIPOCAM IIPEJICTAB-
JieHust PYHKIMIT aJreOpbl JIOTUKH C TIOMOIIBIO TaOJINTL U U3 hIOH-
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KTUBHBIX HOPpMaJIbHBIX d)OprI (I\/[I/IHI/H\/II/IS&.LLI/IH JAN3BIOHKTUBHBIX
HOPMaJIbHBIX HOpM).

Bropas rnaBa comepkKuT onucanue CTpyKTYPbl U (DyHKIIIO-
HUPOBAHMS CXEM U3 OCHOBHBIX KJIACCOB YIIPABJSIONINX CHCTEM,
a TaKXKe M3 HEKOTOPBLIX KJIACCOB, IMPEJICTABJSIONIUX CO00# mx
0b6obIenns nim MoguduKanun. B Hell ycTaHABINBAIOTCA BEPX-
HHE OIEHKM YHCJIa CXEM Pa3JIMYHBLIX THUIIOB, PACCMATPUBAIOTCSI
HEKOTOPBIE BOIIPOCHI UX CTPYKTYPHOI'O MOJIEIUPOBAHUSI.

Bo BTOpOIi Ty1aBe n3yYaroTcs TaKyKe SKBUBAJIEHTHBIE IIPEO0-
pPa30BaHMUsI CXEM Ha, OCHOBE TOXKJIECTB BO BCEX OCHOBHBIX KJIAC-
caxX YIpaBJsIOMNX cucTeM. JJIsT KaKI0ro m3 HUX IIPUBOIUTCSI
CHUCTeMa <«OCHOBHBIX» TO2K/I€CTB, JOKa3bIBaCTCsd ITOJTHOTA 3TON
CHUCTEMBI U M3YYaIOTCS BOIPOCHL €€ U30LITOYHOCTH.

B Tperbeii riaBe moapobHO paccMaTpUBAETC 3ajiada, CHH-
Te3a YIPaBJAIONINX CUCTEM, & TaKyKe U3ydaloTcst 0COOEHHOCTH
IIPpUMEHEHHN A Ollepalliuil CYIIEPIIOSUIIMN B Pa3J/IMYHbBIX KJlacCaX
cxeM. B meil npuBoauTes nesiblii CIeKTP METOA0B CUHTE3a CXEM
(oT mpocTeRIUX JI0 ACUMITOTUIECKU ONTUMAJIBHBIX ), yCTAHAB-
JINBAIOTCST HU2KHIE MOIIHOCTHBIE oneHKY (yHkiuit [IlenHoHa n
OIIEHKH CJIOXKHOCTH PsIa KOHKPETHBIX (DYHKIIHI, JOKA3BIBAETCSI
MHUHUMaJIbHOCTH HEKOTOPBIX CXEM.

B dgerBepToii rytaBe mpeicraBiaeHbl HEKOTOPbIE BOIIPOCHI Ha-
JIEKHOCTH U KOHTPOJIsE cxeM (IIOCTPOeHHe TeCTB Jiisi TabJIuIL,
CHHTE3 CAMOKOPPEKTUPYIOIIUXCsE KOHTAKTHBIX CXEM ).
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ITpencrasienue pyHkImii
AN3BbIOHKTUBHBIMUA HOPMAaJbHBIMI
dopmamMu 1 cBsI3aHHBIE C HUM 3aJa49U

§1 OcHoBHBIE ITOHATHUS, OTHOCAIIINECT K
MHO>KEeCTBaM, MaTpuliaM, (pyHKIAIM,

dbopmyam

By,[[eM CUHUTaThb M3BECTHBIMU OCHOBHBIC IIOHATHUA U O603Ha‘{e-
HUSI U3 TEOPUU MHOKECTB, MATEMATHIECKOTO aHAJIN3a, JUCKPeT-
HOiI MaTeMaTHKM, TEOPUH BEPOATHOCTEH (cM., Hampumep, [25,
26, 28, 4]). B panbueiimenm 4depe3 N (uepes Ny) oboszHadaercs
MHOKECTBO BCEX HATYPaJIbHBIX (COOTBETCTBEHHO IEJIBIX HEOT-
pHIATE/BbHBIX) Yncel. MHOXKEeCTBO BCEX MEJBIX UHCeT j, It
KOTOPBIX @ < j < b, rje a, b — 1iesible, HA3BIBACTCS OMPESKOM
7 0003HAYAETCST Tepes

la,b] =(a—1,b] =[a,b+1)=(a—1,b+1).
[Ipu 3TOM OTpPE3KU BHUIA
[a17a2> ) [CLQ,CL?,) PRI

rme a; < as < ag < ..., HA3bIBAIOTCSI NOCAEI0BAMEALHBLMIL.

Hamomuum HekoTOpBIE ompejieieHus U ODO3HAYCHUS, CBSI-
3aHHBIE C JIEKAPTOBBIMU TPOU3BEAEHUAMA MHOXKECTB. 1 MHO-
xectBa A 1 n € N moaoxkum

(A" =A"=AxAx---xA,

n pas
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— n-s1 IeKapToOBa CTeneHb A, To eCcTh MHOYKECTBO HAGOPOB (CTPOK,
CJIOB, BBIOOPOK) JTMHBL 1 ¢ jeMenTaMu (Oyksamu) u3 A win,
MHaYe, MHOYKECTBO YIIOPSIIOYEHHBIX 71-0K 3JIEMEHTOB MHOXKECTBA
A.

st muoxkectBa A u s,n € N uepes (A)™" = A%" oboznaua-
€TCsT MHOYKECTBO MATPHIL C § CTPOKAMH, 71 CTOJIOTIAME 1 JIEMEH-
tamu u3 A. Ipu stom npemnosaraercs, uro A® = ALY™ u uro
AS™ — n-st reKapTOBa CTeleHb MHOXKecTBa A%', s1eMeHTHI KO-
TOPOrO Ha3bIBAIOTCs CTOOaMu. Hucio croibuos (CTPOK) Mar-
puitel M HasbiBaercsi ee daunol (COOTBETCTBEHHO 6bicOMOl).
Hns marpuner M € AS™ u I' C [1,s], I" C [1,n] uepes
M(I'I"y (upu s = 1 u I' = {1} — uepes M (I")) obozHa-
YAeTCsI ee TOIMATPHIA, PACTIONIOKEHHAST B CTPOKAX ¢ HOMEpPaMU
u3 I' u cronbuax ¢ momepamu us I”. Habop A = (d1,...,0p), co-
CTOSITINI M3 HEMTYCTHIX MHOXKECTB, Oy/IeM Ha3BIBATD NOKPLIMUEM
MHOXKecTBa 0 = 01 U ... U J,. IIpn sToM MHOXKeCTBa 1, ..., 0
CIUTAIOTCS KOMNOHEHMAMU TIOKPBITHST A, & TUCIIO P — €T0 0AU-
1ot nin pareom. IIoKpbITHE, COCTOMAIIEE U3 HEIIEPECEKAIOTITITXCS
MHOXKECTB, Ha3bIBaeTCsa pasdbueHuem. IIoKpeITHE, B KOTOPOM HI
OJIHA M3 KOMIIOHEHT He COJIEPKUTCS B JAPYroii KOMIOHeHTe (B
0O'be/INHEHNN OCTAJIbHBIX KOMIIOHEHT), CUUTAETCS HEeNnpusodu-
MoM (COOTBETCTBEHHO MYNUKOGHLM ) TTOKPBITUEM.

Eciim A — KOHeYHOE MHOXKECTBO, TO €r0 MOIIHOCTb, TO €CTh
YHCII0 9JIEMEHTOB, 0603HadaeTcst 06baHO Yepes |A|. Bamernm,
9TO TIPHU ITOM

A" = [A]" u [A"] =A™,
rae s,n € N, a ecqin |A| = a > n, T0 4ncio BEIOOPOK (CJIOB)
JJIMHBI N U3 147 B KOTOPBLIX BCE€ 3JIEMEHTBI Pa3JIMYHbI, — TaK
Ha3bIBAEMBIX BBIOOPOK 6€3 IMOBTOpEHnii, — paBHO
ala=1)---(a—n+1).

Kaxoe cioBo (Habop) a = aq...q, = (a1,...,Q,) u3
A™ Tpu BCEBO3MOXKHBIX MTEPECTAHOBKAX OYKB IMOPOXKIACT MHO-
JKECTBO CJIOB, HA3BIBAEMOE COYEMaHUEeM JUTHHBL 1 u3 A nin,
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uHaue, Heynopadowernotl n-kol u3 A, u 06O3HaUaEMOe depe3
{a1,...,a,}. B gacrHocTu, coueranue, csizanHoe ¢ (ymnopsi-
JIOYEeHHOiT) 1mapoit (u,v), cYuTaeTcst HeylopsIOYeHHOH mapoi
{u, v}, coueranme, cBsa3aHHOE C (YHOPSIIOUCHHBIM) pa3OUeHTEM
(01,...,0p), — HeymopsiodeHHbIM pasbuenueMm {d1,...,0p}, 1
TaK jajsee. 3aMETHUM, 9TO COUETAHNE TTOPOKIAETCS TTEPECTAHOB-
Kamu OYKB 13 JII000r0 cBoero cjiosa. Ilpu sTom coueranue u3 A
6€e3 MOBTOPEHMI, TO €CTh COYeTaHne, MOPOXKIEHHOE CJIOBOM W3
A", Bce OYKBBI KOTOPOI'O Pa3/IMYHBI, C COAEPKATEJILHON TOUKI
3PEHUsT NPEJICTABJISIET CO0ON «OOBITHOE» MOIMHOKECTBO, a CO-
JeTaHue ¢ IMOBTOPEHUAMEI — «KPATHOE» MOJAMHOXKECTBO MHOZKE-
CTBa A, TO €CThb IIOJIMHOXKECTBO, B KOTOPO€ €ro 3JIECMEeHTbI BXO-
JIAT € OIPEJIeJIEHHON KPATHOCTHIO (B COOTBETCTBYIOIIEM YHCIIE
«9IK3EMILISIPOB» ).

Yuco pasImIHbIX coueTanuii 6€3 MOBTOPEHHH JIJTMHBL 1 U3
mHoxkecta A, |A| = a, oGosnauaercs qepes (1). Kak nssecrno
(cM., nanpumep, [28]),

G) al ala—1)-(a—n+1)

n) " nl (a—n)! - n! ’ (1)

a IUCJI0 COYeTaHuii ¢ (BOBMOKHBIMU) TOBTOPEHUSIMU JIJIMHBI 1
a+n—1
u3 A paBHO ( n )
Nupyknueii o n JIerKo MOKa3aTh, ITO

n

nl > (§>", (1.2)

a m3 copmyser CTupuanra, [26] ciemyer, arol!

nl ~ (ﬁ)n o (1.3)

e

! Acnvmrormaeckoe pasencTso a (n) ~ b (n) osnagaer, uto lim 4% =1
n—oo
TO eCThb

a(n) = (1+0(1))b(n).



10 Bgenernne

I3 (1.1) u (1.2) BbITEKaeT, B YaCTHOCTH, HEPABEHCTBO

O o

ams (1.1) u (1.3) — acuMnTOTHYIECKOE PaBEHCTBO'

((Zﬁ) ~ T (15)

Hamomuum Tenepb HEKOTOPbIE TIOHATHUSA, CBA3aHHbIE C (DYHK-
nusAMyu 1 oTHoOmeHusiMu. Ilycrs @ = (21, ..., %y ), e HepeMeH-
Hast x; 1poberaeT 3HaUYeHUs! U3 MHOXKecTBa A M cBs3aHa C i-it
KOMIIOHEHTOH, i € [1,n|, nekaprosoii crenean A". @yuknuio f,
OIIpEJICJICHHYIO Ha MHOXkKecTBe A" U IPUHUMAIONIYIO 3HAYCHUS
u3 muOkecTBa D (MHOXKecTBa A), Oy/1eM Ha3bIBATD N-MmecmHod,
Wi, uHade, n-aprol gynkyuet us mnoscecmea A 60 muooice-
cm6o D (coOTBETCTBEHHO Had MHO02ICECME0M A) OT HEPEMEHHBIX
T 1 ByJieM IPeJICTAaBIATh ee B Bujie?

f=f(x), f: A — D (coorBercrBenno f : A" — A).

[Tpu srom B ciyuae D = B = {0,1} dyuknus f cuuraercs
ommowenuem Had mroocecrneom A, a 3anuch f (a) (f (a)), rae
a = (ay,...,a,) € A", o3HaUaeT, UTO KOMIIOHEHTHI Habopa a

HAXOJATCs (COOTBETCTBEHHO He HAXOJSATCS) B OTHONIEHUU [, TO
ects f (a) =1 (coorBercrBenno f (a) = 0).

Jliist OMHAPHBIX OTHOINEHUM, TO €CTb OTHOIICHWH OT IBYX
[IePEMEHHBIX, OOBIYHBIM 00Pa30M OIPENENISIOTCS CBOMCTBa, pe-
bIIEKCUBHOCTH, TPAH3UTUBHOCTH, CAMMETPUIHOCTU U aHTUCUM-
MerpuaHocTr. OTHOIIEHNEe, 0bIaJatolIee cBoficTBaMu pedJiek-
CUBHOCTHU, CHMMETPUIHOCTA U TPAH3UTUBHOCTH, OyIeM, KaK 0ObId-
HO, Ha3bIBaTh OTHOIICHHNEM 3KBUBAJICHTHOCTH. I‘I&HOIVIHI/IM7 q9To0

"Jepes [a] (|«)) obosmauaercs Gimskaiimee K @ CBepXy (COOTBETCTBEH-
HO CHH3Y) II€JI0€ UUCJIO

2@ynKumo f OT MEePEeMEHHBIX X1, T2 OyIeM, KaK OOBIYHO, TIPEeICTABIIATS
B Buze (21 f72).
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OTHOIIIEHNE IKBUBAJEHTHOCTU T, 3aJaHHOE Ha MHOMXKeCTBe A,
MOPOKIAeT pa3brueHne ITOr0 MHOYKECTBa Ha, KJACCHI T-IKBU-
BaJICHTHOCTU — MaKCUMAJILHBIE 110 BKJIIOYEHUIO MOJMHOMXKECTBA,
MHOXKeCTBa A, cocTosIIye W3 TMOMAPHO T-9KBUBAJEHTHDBIX 3JIe-
MeHTOB. [IprMepoM OTHOINEHNS SKBUBAJIEHTHOCTH SIBJISIETCS OT-
HOIIIEHNE Nepecmanosoynocmuy Ha MHOXKecTBe A", B KOTOpOM
cioBa o/ u o HaxonATCA TOrIA U TOJIBKO TOTIA, KOrua o MoxK-
HO MOJTIYYHTh U3 o B pesysbTaTe IepecTaHOBKH OYKB. 3aMeTHM,
YTO KJIACCAMHU IKBUBAJEHTHOCTH TI0 9TOMY OTHOIIEHUIO SIBJISTIOT-
CSI COYETAHUSA C MOBTOPEHUSIMHA.

Ornormenne, 0018 1a101ee CBOMCTBAME PeQJIEKCUBHOCTH, TPAH-
SBUTUBHOCTH M AHTHUCHUMMETPUIHOCTH, Oy/IeM, KaK OOBIYHO, Ha-
3bIBATH OTHOIIEHUEM 4aACMU4YH020 nopsadka. Kcim 7 — oTHO-
[IeHWe YaCTUIHOTO MopsijiKa Ha MHOXkKecTBe A, TO mapy (A, )
Oy/IeM HA3LIBATDH “ACMUYHO YNopAadouertbim muoocecmeom. B
TOM CJIy4ae, KOIJla B 9aCTUIHO YIOPsIIOUeHHOM MHOXKecTBe (A, T)
mobble JBa sneMenta @’ u a” u3 A cpaBHUMBI, TO €CTb JOO
a'ra”, mbo a’rad', napy (A,7) Gygem cuurarh auxeldHo yno-
padovwernvim mroocecmeom. Ilpenmonaraercs, ITo Bce dJIeMeH-
TBI KOHETHOTO JINHEHHO yIIOps10ueHHOro MHOXKecTBa (A, T), e
|A| = t, nporymepoBanbl unciamu orpeska [0,t) Tak, 4To s
mobbix a’ n @’ uz A nomep a’ me Gosbie, yem HoMep a” ToOrIa
U TOJILKO Torna, Kormaa a'ra’.

Ilox mauckperHoit pyHKIMEH MOHUMAIOT, OOBITHO, OTOOpa-
JKEHMEe OJIHOr0 KOHEYHOrO MHOXKecTBa B apyroe. Tak, dyHK-
st Hag orpeskoM [0, k), rme k > 2, HaswbiBaercs @pynryued
k-snaunot aozuxu (upu k = 2 — aneebpoi no2uku), a MHOXKe-
CTBO BCceX Takux (QpyHKIHMI obosHadaercsa depe3 Pp. duckper-
Hble PYHKIINN, KAK [IPABUJIO, MOTYT OBITH OMUCAHBI TaOJIUIIAMIU.
Taxk, 6unapuast dyskiws f (1, r2) U3 KOHEYHOTO JIMHEHHO yII0-
psiouenHoro muoxkecrsa A = {ay, ..., Gy} B KOHETHOE MHOXKe-
crBo D moxker ObITh 3ajgana marpuneit M, M € D™™ rne
M (i, j) = f (as,a;) upu Beex i, j u3 orpeska [1,m], u obparHo.

[Mycrs X = {x1,z2,..., %y, ... } — CUETHBI yIIOPSIOIEHHBII
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asipaBuUT epeMeHHbIX Ha MHOKeCTBOM A 1 mycts P4 = P4 (X)
— MHOXKECTBO Beex (yHKnmit Hag A or mepemennbix u3 X. [le-
peMmeHHasi z;, ¢ € [l,n|, Ha3BIBaeTCH HecywecmeenHol nepe-
mennots pynxyuu f(x1,...,2,) u3 Py, ecom f (a) = f(B) ansa
JIFOOBIX OTJIMYAOIINXCsT TOJBKO 110 x; HabopoB o u S u3 A". B
MPOTUBHOM CJIyYae TIepEeMEHHAsT X; HA3BIBACTCS CYULECTNEEHHOT
nepemennoit ¢yukiun f. Cunraercs, 9ro pyHKIus f Cyiie-
CTBEHHO (HECYIIECTBEHHO) 3aBUCHUT OT IIEPEMEHHOMN X, €CITH T —
CyIIeCTBeHHAs (COOTBETCTBEHHO HECYIIECTBEHHAsI) TIEPEMEHHAsI
dyukmun f. HecymecTsennas mepeMeHHast He BIUSET HA 3HATE-
Hre (QyHKIINH, IO9TOMY, KaK OOBIYHO, paBEeHCTBO (hyHKIUI Oy-
JIeM PaCcCMATPUBATH ¢ TOYHOCTBIO JI0 JOOABICHUS MJIN U3 bITHS
HECYIIECTBEHHBIX TlepeMeHHbIX. [Ipn 9ToM j1Be dpyHKIMM canTa-
IOTCST PABHLLMU, €CTTH OHM UMEIOT OJHU M T€ YKE CYNECTBEHHBIC
MepeMeHHble M OJIMHAKOBBIM 06PAa30M O0TOOPAXKAIOT JEKAPTOBY
crereHb A, CBSI3aHHYIO C UX CYIIECTBEHHBIMU IIEPEMEHHBIMU, B
A. Bynem roBoputh, uro f — cywecmseennas PYHKINS, eCJIH
OHa CYIIECTBEHHO 3aBUCHUT OT BCEX CBOUX MEPEMEHHBIX.

[Ipenmosaraercs, 9TO y HAC UMEETCHA CIETHBIHN aidaBuT PyHK-
roHaJIbHBIX ciMB0OJIOB (DC) 1151 0bo3Hadenus dbyHkuii u3 P 4
1 4T0 B P4 BBIIEIEHO «0a3uCHOE» MHOXKeCTBO bB. Jlamm nH Iy K-
TUBHOE ompeieserune (popmysisl Hax b u peanmnsyemoii ero pyHK-
M, KOTOPOE, B OTJINYNE OT |28], HesIBHO IpeJiosaraeT HaJauaue
B B QyHKIMN, TOXKIECTBEHHO PABHON IEpPEMEHHOM. 3aMeTHM,
9TO C COIEPXKaTe/JILHON TOYKM 3peHust (POPMYJIa IPEICTABIIAET
coboii cjoBo, mocrpoerHoe u3 PC «basuCHbIX» DYHKIMIA, CHM-
BOJIOB IIEPEMEHHBIX U «pa3JesuTeseil», KoTopoe 3a1aeT I0CIe-
JIOBATEJIbHOCTD BBITIOJTHEHUSI OIIEPAIlUil CYITEPIIO3UIIHH.

Jliobas nepemennas x; u3 X cunrtaercs Gopmyroti esybumm
0 nad mroorcecmeom B, KoTopas peanusyer dynxnuio x;. Ec-
m o (x1,...,2,) € B u mua kaxgoro i, i € [1,k], oupeznenena
dopmysia F; riyOuHBL ¢; HaJ MHOXKECTBOM B, KoTopast peaJiu-
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gyer pyarnuio f; u3 P4, To 3amuck F Buja

F=o(F,....T5) (1.6)

SIBJIIETCST (HOPMYA0T 2aybunv, ¢ = max{qi,...,qx} + 1 nad B,
KoTopas peanmsyer dyuknuio f Buga f = ¢ (fi,..., fr). Bee
3AITUCH, TIOJyYeHHbIE B PE3Y/IbTaTe YKA3aHHOTO WH/YKTHUBHOTO
[TOCTPOEHUsI, U TOJBKO OHHM CUUTAIOTCS (POPMYAGMU HAO MHO-
oicecmeom B. Tlpu sToM dopMysbl, TOTydeHHBIE B MPOTECCE
HHIYKTHBHOTO TIOCTpoeHus dhopmyabl F, HA3BIBAIOTCS €e nod-
dopmyaramu, a te moadopmyast Fi, ..., Fy, 13 KOTOPHIX HA II0-
CJIIHEM IIare WHIYKTUBHOTO TIOCTPOEHUSI CTPOUTCS POpMyIa
F Buma (1.6), cumratorcs ee eaashvimu moadopmyaamu. [Tox
caooterocmvro (pareom) opmyiibl F HOHUMAETCST IUCTIO BXOZK-
nennit B nee @PC (COOTBETCTBEHHO CUMBOJIOB EPEMEHHBIX ), KO-
Topoe obosnauaercs depe3 L (F) (coorBercrenno R (F)).

@opmynbl F u F’, peamusyromue pasubie dbynknuu f'ou
/", naspIBarOTCA PAGHLLMU WITH, UHAYE, IKGUGANCHMHbLMU. 11pH
sTOM paBeHcTBO Buga t : F = F’ cumraerca mooicdecmeom.
OO6BbIIHBIM 00pPA30M BBOJATCST TOXKJIECTBA, XapaKTepPU3YIOIIHe
CBOICTBa KOMMYTaTHBHOCTH, ACCOIUATUBHOCTU U JIUCTPUOY THB-
HOCTU OMHAPHBIX DyHKIWMH u3 P 4.

MuoxkecTBO BCex (pyHKIM, peayn3yeMbix (pOpMyIaMu HaT
b, HazbiBaeTca 3amovikaruem MHOXKecTBa B. Ilpu sToM MHOXKe-
cTBO B cumTaercs noamvim, €CIU ero 3aMbIKAHUE COBIIAJIACT C
P 4. B panpueifimem aroboe KoHedHoe IIOJIHOE B P4 GaszucHoe
muOXkKecTBO b Oynem HazbiBarh 6a3ucom. IIpu sToMm, B oTyimaue
or [28], 8 B moryT npucyrcrsosars @AJIL, npu yaaseHun KoTo-
PBIX OCTaBIIEECST MHOXKECTBO ITPOJIOJIKAET OBITH TOJTHBIM.
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§2 IIpencraBienue yHKIuii ajredpbl JIOTUKHU C
IMIOMOIIbIO N3 bIOHKTUBHBIX HOPMAJILHBIX (bOpM
(AH®) u ero «reomerpuyeckasi» WHTEpIIpeTa-
nusi. Cosepuiennas JIH®, kpurepuii e slmHCTBEH-
voctu JITH®

MuozxkecrBo B", rae B = {0,1} un € N, To ecTb MHOXKECTBO Ha-
60poB JyinHbl 1 U3 0 1 1, 0OBIYHO HABBIBAIOT €UHUYHbIM KYOOM
win euneprybom pazmeproctu n. OTHOIIEHWE T€PECTAHOBOY-
HOCTH pasbmBaer KyO B’ Ha KJIacChbl 9KBUBAJICHTHOCTH (COte-
ranus) BY, BY, ..., B}, tue B, i € [0,n], — Tak Ha3bIBaeMblit
i-#1 cioit Kyba B"™, To ecTb MHOXKECTBO HaOOPOB C ¢ €INHUIIAMH,
u, ouesnzno, |BP| = (7).

Ha muOXKecTBe B™ BBeZIeM OTHOIIIEHNE JIEKCUKOIPAPUIECKO-
ro JIMHEIHOI'O MOPSJIKA, KOTOPOE 33/Ia€TCsl B3aUMHO OJJHO3HAY-

HBIM oTOOpazkeHueM (Hymepanueit) v: B™ — [0, 2™) Takum, 910
n
viag,...,an) = Zaﬂn_’.
i=1

BamernM, 9TO JgBOMYHAs 3amuch umciaa v(a), « € B™ no-
[OJIHEHHAsl CJIeBa HYJsIME J10 HabOpa JJIMHBI 1, COBIIAJAET C
«v. AHAJTIOTMYIHBIM 06Pa30M BBOJIUTCA JIEKCUKOTPAUIECKUIT T10-
psaok na muoxkectse ([0, k))" upu k > 2. MuoxkecTBo HaGOPOB,
sIBJIsTIOIeecsi obpasoM orpeska |[a, b, tue [a,b] C [0,2"), upu
oTobpazkeHnn v~ !, HaspiBaeTcs ompeskom kyba B™.

st mHabopos «,  u3 B™ depes p («, 3) obo3nagaercs: Tak
HA3BIBAEMOE PACCTOSHAE X3MMUHTA MEXKIY HUMHU, TO €CTh YHC-
JIO T€X Pa3psJioB, B KOTOPBIX OHU OTJIMYAIOTCA JIPYT OT JIpyTa.
ITpu 3TOM HAGOPBI, HAXOAAIIMECA HA PACCTOSIHUU T, HA3LIBAIOT-
cA NPOMUBONONONHCHBLMU, & HADOPBI, OTINIAIOIINECS TOJBLKO B
ofHOM (i-M) paspsijie, CIUTAIOTCS COCCOHUMU (COOTBETCTBEHHO
cocedrumu no i-i nepementot). Ilpu reomerpuueckom nzobpa-
Kennn Kyba B™ Ha MJI0CKOCTH BEPIIUHBI {-TO CJIOS OOBIIHO Pac-
[OJIAraoTCs Ha OJIHOM W TOM YK€ FOPU30HTAJILHOM YPOBHE Hal
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B3 B (1111)

(111)

T (0221)

(0000)

Puc. 2.1: B3 u B*, npumeps! rpanei

BepmHamu (i — 1)-1o ciost, i = 1,...,n, a coceiHre BEPIITHDBI
COEJIMHSIOTCS OTpe3KaMu TpsMBIX (cM. puc. 2.1). MuoxkecTBo
HabOpoB Kyba B™, HaXo#sAImuXcsi Ha paccrosiauu t (He GoJiblie,
4eM t) or Habopa «, Ha3bBaeTCs chepoli (COOTBETCTBEHHO wWia-
pom) paduyca t ¢ yenmpom c. 3aMeTuM, 4To i-ii cjoii Kyba B
sistercst cepoil paguyca i ¢ neHTpoM B Habope 0 = (0,...,0)
u cdepoii pajguyca (n — i) ¢ IeHTpoM B HabOpe 1= (1,...,1).

Ha muoxkectBe B™ 0OBIYHBIM 00pa30M BBEIEM OTHOIIEHHE
YaCTUYHOT'O IOPAAKa < TakKoe, YTO

a=(a,...,on) <= P1,...,06n)

TOI/Ia U TOJIBKO TOTJA, Korjga a; < [; upu Beex ¢ € [1,n]. Ilpn
9TOM cunTaeTcs, 9ro o < (3, ecmu a < S u a # 3, a HAOOPBI
o, Bmz B", yia xkoropeix o < fum B < o (a L Bu B £ a),
HA3BIBAIOTCS CPAGHUMBLMU (COOTBETCTBEHHO HECPAGHUMBIMU).
Hns wabopa v = (71, .+,Yn) JJIMHBL N HAJ MHOXKECTBOM
[0,2] wepes I'y, 06o3HAYMMM MHOXKECTBO BCEX TeX HAOOPOB o =
= (a1,...,0p) KyGa B™, 1jisi KOTOPbIX (; = 7; 1IPU BCEX i €
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.%'1”0‘@1‘.%1‘1
O(0j10]1
1 0] 0 111
a)
o m|&|v]o|~[]][)
O O0jojoOojO|1]1]11
O 1(0j1|1(0|1|1]0
1 04)0}j1]1,010]1]0
1 141(1(0]1]1]0|0
b)

ay HasBaHue QyHKIMN f
00) —70” (koHCTaHTa HYJIb)
— 71" (KoHCTaHTa eJMHUIIA)

)

) — ToxKjecTBeHHAs (QyHKIUS

) — oTpuraHue

) — KOHBIOHKIWUs (YMHOXKEHHE)
0111) — nU3bIOHKIHUS

) — CyMMa 10 MOJIYJIIO 2

) — 9KBUBAJECHTHOCTH

) — UMIUIAKAIs

)  — mrpux [Hleddepa

) — crpeska [Tupca

c)
Puc. 2.2: P, (1) u «ocuoBubie» OAJI uz Py (2)
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[1,n] Takux, 4ro 7y; # 2. MHoxkecrBo I', HasbIBaeTcs epanvio
Ky6a B, aucyio (n — r), paBaoe uuciay ”2” B Habope 7y, cauTa-
eTCsl PasmepHoCcmvblo ITOM TPaHu, a TUCIO ' — €€ PAH2OM. 3a-
METHM, 9TO yKa3aHHas I'paHb I, mpeicraBisier coboil moakyo
pasmeproctu (n — r) Kyba B™ u cocrour uz 2"~ HabOpoB, OT-
JITIAIOIUXCST JIPYT OT JPyra TOJIBKO B TEX Pa3psijiaX, B KOTOPHIX
pacioJioykeHbl cuMBOJIBL 72”7 Habopa y. B wacTHOCTH, TPaHb pas-
meprocTu 0 ipescTaBisger coboil Bepmnay Kyba, rpaHb pa3Mep-
Hoctu 1 — ero pebpo, rpaib pa3MepHOCTH 2 — KBaJIpaT, U Tak
nasee. Tax, Ha puc. 2.1 B ky6e B> Boiiesens: pedpa N1, ..., N,
a B Kybe B* BbIIe/ICHBI TpaHK T (0010)s T'(0200)s I'(0221) 1 I'(1222)
pasmeprocteit 0, 1, 2 u 3 coorBeTcTBeHHO. JIerKO BUIETH, UTO
rpanb I'y panra (n —r) B kybe B", rne v = (a,2,...,2) n
a € B"™", cooTBeTCcTBYeT OTpe3Ky Kyba jmHbl 2", a MHOXKe-
CTBO BCeX I'PaHeill yKa3aHHOTO Buja oOpasyer pa3buenme B™ na
[OC/IE/I0BATEIbHBIE OTPE3KH.

Bynem, kax 0ObIvHO, IPEIIIOIAraTh, YTO Y HAC UMEETCSI CIeT-
HBIi yIIopsiIoueHHbIi ajdasut OyiieBbix nepementbix (BIT) X =
{z1,29,...,2p,...}, n Gyaem paccmaTpuBarh MYHKIMU aared-
pot storuku (PAJL), win, unade, 6ysieBbl HYHKIMHE OT TEPEMEH-
HbIX U3 X, & MHOXKECTBO BCEX TakuxX (pyHKImil Oymem obo3HA-
gath 4depe3 Ps (X), win Py. Bygem mpeanosarats Takke, 9TO
KayKJIbIi paccMaTpUBaeMblii n-MepHbIfi KyO nmeer Buj B" =
= B"(X), rue muOKecTBO nepemennbix X = {xj,,...,2;,} CX
uji < -+ < jp, IPUYEM IEpEMEHHAs &, JIist BeexX @ € [1,n] cBa-
3aHa ¢ i-M pas3psiioM Kyba B™(X). MuoxkecrBo Becex dyHKIMI
asre6psl oruku f(xj,,...,x;, ), orobpaxarmomux kKy6 B™(X) B
B, 6ynem obosHauars depe3 P (X)), a ero m-1o jiekapToBy cTe-
[eHb, TO €CTh MHOXKECTBO cucreM Buga F' = (f1,..., fm), cocro-
sammx u3 m rakux yskimit, — gepes Py (X). Kak npasuiio,
MBI OyzeM BbiaeasaTh u3 X muoxkecrso BII X (n) = {z1,...,z,},
rie n € N, Gygem conocrasisth emy Habop BII x(n) =
= (z1,...,x,) nOynem paccMarpuBarh MHOXKeCTBO PAJI Pr(n) =
Py(X(n)), a Takxe ero crenern Py*(n)= Py*(X(n)).
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Mot sapanus QAJI f uz P (n) MOXKHO HCIOJIB30BATEH €€
o n
TabJIMILy 3HAYEHNIA, TO ecTh MaTpuiy M u3 muoxecrsa B2 "L
i-s1 cTpoKa, ¢ € [1,2"], KoTopoii nmeeT B

M G, [Ln+1]) = (a, f (@),

riae v(a) =i — 1. Ilpu stom cronber; M ([1,2"],n + 1), oxno-
snavuHo 3amarormit PAJI f, canraercst ee cTOJOIOM 3HAYEHUIT
U OObIYHO 3aINCHIBAECTCS B BHUJE TPAHCIOHHPOBAHHON CTPOKH,
obozHauaemoii depes ay. Orciona cjejyer, B 9aCTHOCTH, UTO
|Py (n)] = 22". Ha puc. 2.2a (2.2b) npusesens Tab/mIbI Beex
(coorBercTBeHHO «0CHOBHBIX» ) PAJI or BII 21 (coorBercrBen-
HO 1, ¥2), & Ha puC. 2.2¢ IePeUInC/IeHbl CTOIOIbI 3HAYCHUI O f 1
HazBanust 1 Beex ykaszaHHbIx DAJI. Crosbern snadennit AJI
f u3 P2 (n) npu mobom k € [1, 1) MOXKHO 3aIucaTh B BUJIE HPsi-
MOYTOJIBHO# Tabmibl (Marpuis) Ayt 28 u Beicornr 27 F
CTPOKa KOTOPOi, 1 € [1, 2"*’“], UMeeT BU/I

ar (=128 i2]).

Kpowme toro, @AJI f ogHOZHATHO OMpEIETSIETCS CBOUM TaPaK-
MEPUCTNUNECKUM MHOHCECTIBOM, KOTOPOE COCTOUT U3 BCEX Ha-
bopos o € B™ Takux, uro f («) = 1, n oboznavaerca uepes Ny,
a Takxke ero jonojHenueMm N § = N? = B"\ N;. BamernM, 9To
QAJI f saBisteTcst XapaKTepUCTHIECKOH (DYHKITHEH MHOMXKECTBA
Ny.

Ha puc. 2.3a nokasana rabimna 3uadenuii ®AJI rpex nepe-
MeHHbIX H (71, T2, 23), KOTOpas HasbiBaeTcs GyHKIMEH 20.40C0-
sanua, HA puc. 2.3b TpUBEIEHBI TPIMOYTOJIbHBIE TAOJIUIBI €e
3HAYEHUil, a HA PHUC. 2.3C BbIIUCAHBI HAOOPHI MHOXKECTB Np u
Np.

Herpynmo ybeantbest B ToM, 9T0 GuHApPHBIE oneparun &, V,
@ YIOBIETBOPSIIOT OOBIYHBIM <«aJredOpamdecKuMy TOXKIECTBAM
aCCOIMATUBHOCTA W KOMMYTATHBHOCTH, & omeparus &, Kpome
TOr0, — TOXKJECTBAM JIMCTPUOYTUBHOCTH OTHOCUTEJIHLHO V U D,

, 1-5T
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Ny = {(011),(101), (110), (111)}

Ny = {(000), (001), (010), (100)}

Puc. 2.3: dyukius rosocoBanus
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C MOMOIIBIO KOTOPBIX MOYKHO PAaCKpbIBATH CKOOKH'. 3aMeTHM,
Tak>Ke, 9TO MMEIOT MECTO CJIEIYIOIIe TOXKIECTBA ITPUBEICHUS
I10I00HBIX

x=0, zVli=zVvVZi=zodzT=1, (2.1)
Ve=2V0=200=2-1=ux, (2.2)

1V xi1T0 = 27,

z-0=xz- =06
x

[IOCJIE/IHEE U3 KOTOPBIX HA3BIBAETCH «TOXK/IECTBOM HOIJIOIIEHUS».
Hamomaum, aro @AJI Buja

f(l‘l,...,xn):alxl@...@an$n®ao

u3 P, (n), rue o, . . ., 0y, — OYJIEBBI KOHCTAHTBI, HA3BIBACTCST AU-
netinott OAJI u 3amerum, aro cymecrseHrabiMu BII aroit GAJI
SABJIAIOTCS Te 1 ToabKO Te BII x; n3 muOXkecTBa X (n), 115 KO-
TOPBIX «KO3(ddunmenT» o; paper 1. Samernm Takxke, 910 OAJI
bp=21®  Prpuly, =21 Bz, ® 1 apasiorcs euH-
CTBEHHBbIMU cyIiecTBeHHbIME JinHeHHbIME DAJT B Py (n).

Paccmorpum HEekoTOpBIe POPMYIIBI «aaredpandecKoro» TH-
1a HaJ MHOXKECTBOM

by = {.%'1 - X9, 1 V T2, Tl} .

Oyuknuu x; u T; OyaeM Ha3eiBaTh 6ykeamu BII x; n, Kax 0ObIY-
HO, OyJIeM CYUTATh, YTO x? =7, ¥} = r;. Kowbronkuus (1usb-
foukiust) 7, 1 < r < n, 6yks pasanunbix BII u3 muOXKe-
crBa X (n) Ha3BIBAETCS anemenmaprots Konsronkyued (cooTBer-
CTBEHHO 3AeMeHMapHol Qu3sonKyuel) panea r om 6yiesulr ne-

pemennoir X (n). U3 (2.1), (2.2) ciaegyer, 9r0 sseMeHTApHAS

Mlpu samucu dbopmyn man Ps (2) GymeM NPUMEHATH OOBIYHBIE COTIA-
IIIEHUsI O «CUJIE» Ollepaluii, B coorBeTcTBUU ¢ KOTOophiMu PAJI — cusibHee
DAJT &, a DAJT & cunbree Beex octanbabix PAJI or asyx BII. Kpome To-
ro, BHEITHHE CKOOKY U CKOOKM, 33JaI0IIKe [TOPsI0K MHOTOKPATHOT'O BBITIOJ-
HEHUsI OJTHON W TOW Ke OMHAPHON accomuaTWBHON omeparuu &, V, ~, @,
OyIeM, KaK MPaBUJIO, OMyCKATh.
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konbionkims (OK) K =zt -z

s (D) J = xiall \/...\/x?:, rme 1 <4 < -+ < 1 < 1,
apsgiorces Xapakrepuctudeckumu PAJI rpanun N = I'g u ee
nononnennst Ny = B™ \ T'g, rae na6op § us ([0,2])" obma-
Jaer TeM cBoiictBoM, 4TO f3 (ip) = oy mpu Beex p € [1,7] n
B (i) = 2 B ocraubHbIX ciaydasx. Tak, smeMeHTapHble KOHBIOHK-
WU T1ToX3T4, T1T3L4, T1T4 U 1 panra 4, 3, 2 u 1 cooTBeT-
crBerno ot BII x1, x9, T3, T4 SIBASIOTCS XapaKTEPUCTHICCKIMI
®AJI rpaneit ky6a B*, noxkazammbix ma puc. 2.1b. Byxem cun-
TaTh, 9TO KOHCTaHTa 1 (KomcranTa () SIBJISAETCS SJIEMEHTADHOM
KOH'BIOHKIIMEH (COOTBETCTBEHHO 3JIEMEHTAPHON M3 bIOHKIINEH )
panra 0. 3amerum, 4To JI100asl OTJIUYHAS OT X1 B Tg U T1 ~ T
cymecrBertas ®AJI or BII xq, xo asisterca aubo DK, aubo
/1 panra 2.

JIU3BIOHKIMST PA3JIMIHBIX JIEMEHTAPHBIX KOHBIOHKIUN Ha-
3BIBAETCS QU3BIOHKMUESHOT HOPMasvhol dopmoti (THD), a korb-
FOHKIIUST PA3JIMIHBIX JIEMEHTAPHBIX TUIBIOHKIUN — KOHBIOHK-
muehoti nopmaavrotl gopmoti (KHD). Ipu srom THD (KHD)
cauraercs cogepuennoti, ecau Bee ee DK (coorBercrsenno /)
CYIIECTBEHHO 3aBUCAT OT oauHmx u Tex ke BII, a mx panr pa-
Ber qucity srux BII. Yucno 9K (91) B THD (coorsercrBenHO
KH®) 2 naswbiBaercst ee daunoti n obozHauaercss depe3 A ().
JTiooyo ®AJI f (z1,...,2,), OWIHIHYIO OT KOHCTAHTBI, MOXKHO
npescraBuTh B Buie ee copepineHubix JTH® u KHO® cruemnyio-
M 0O6pa30M:

U 3JIeMeHTapHasl U3 bIOHK-

fxy,. .. zy) = \/ ot an =

(alz--~7an)€Nf

= A (#rvoval). e

(B1,--Bn)EN§

Tax, cosepmiennast JTH® OAJI g (1, x2, x3), 1J1s1 KOTOPOIi Ng =



22 Bsenenne

{(000), (111)}, (cm. puc. 2.1a) umeer BuJ

g ($17 €2, 1:3) =
= X122%T3 V 12273 V T122T3 V T1X2x3 V T1T2X3 V T1T2X3.

Bamerum, urto jiodyo PAJL f uz Py (n), OTIIMIHYIO OT KOH-
crauTel 0, MOKHO TpeacTaBuTh ee copeprnernoit JIHD suma
(2.4), a PAJT f =0 — bopmynoii x; - T1. CiresioBaTesibHO, JIIO-
bass PAJI uz P, MoxkeT OBITH peasin3oBaHa (hopmyJoi Hamd By,
U IIO3TOMY MHOXKECTBO Bg sBiisiercs 6asucom Ps.

Cogeprennyio JTH® (2.4) o6ob1aer ciie/yioniee mpecras-
JIEHUE, KOTOPOE HAa3BbIBAIOT OOBLIYHO passoxkenueM lllennona:

faa") = Voo el for (), (29)
o"'=(0g4+1,--,0n)
raeq € [0,n], 2" = (z1,...,2¢), 2" = (Xg41,...,2n) 1 for (2') =

f(2',0"). Bamerum, aro npu ¢ = 0 Bee «ocrarounbier DAJI
for (2') sBASIIOTCST KOHCTAHTAMY.

IIpencrasienne ®AJI B Buae JJHD® mim KH® umeer upo-
CTYIO T€OMETPUYECKYIO HHTepIpeTanuo. 1lycTn

f(.%'l,...,l‘n):Kl\/...\/KSZQl, (26)
f(xl,...,$n):J1"' Jt:%,
e Ky, ..., Kg (J1, ..., J;) — pasmnunbie 9K (coorsercrBeH-

o /1) or BIl zy,...,z,. U3 (2.1), (2.2) caeayer, uro upesn-
craiienus (2.6) u (2.7) 95KBUBaJIEHTHBI CJIELY FOIIUM TOKPBITHSIM

muozxkects Ny u Ny rpansmu Kyba B"

Nf:NKlU...UNKS; (2.8)
Nf:NhU...UNJt.

Tak, mpeacrasienne

g(x1,29,23) = K1 V...V Kg, (2.10)
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re N, = {(000), (111)} u

K1 = 1173, Ko = xo73, K3 =729,

Ky =723, K5 = Tows, K¢ = 2172,

coorBercTByeT HOKpBITHIO Ny = N7 U ... UNg, T1e N; = N,
upu Beex ¢ = 1,...,6 (cMm. pue. 2.1a). Bamerum, 4To coBep-
mernbie JJTHO u KHO OAJT f uz (2.4) 3a1a10T HOKPHITHE MHO-
xectB Ny 1 N # COOTBETCTBeHHO rpansmu pasmepnoctu 0. I1pu-
HUMas BO BHUMAHNE YKA3aHHYIO BBIIIE T€OMETPUIECKYIO HHTEP-
[IpeTAIio, MBI He Oy/1eM B JlajIbHEHIIeM JIeJIaTh CYIECTBEHHBIX
pazmranit Mexkty 9K K; u coorBercTBytomeil eif rpanbio Ny,
a rakxke Mex iy JTH® suga (2.6) u coorBercTBytommM eii mo-
KpoiTHeM (2.7).

JIemma 2.1. Cosepwennan JH® QAJI f, f € P (n), asan-
emca eduncmeennot JJTH® om BII X (n), komopasa pearusyem
amy DPAJI, moada u moavko mozda, koz2da 6o mmodxcecmee Ny
Hem cocednux nabopoes.

Hoxazamenvcmeo. Cosepmiennast JTHD OAJI f saisiercs equn-
creernoit JTH® or BII X (n), xoropas peasusyer sty PAJ,
TOrJla ¥ TOJILKO TOI/a, KOIjla B MHOXKecTBe Ny HeT rpamneit pas-
MepHOCTH 60J1bIIEe ), ITO SKBUBAJEHTHO TOMY, YTO B MHOYKECTBE
Ny ner coceHux HabOOPOB. O

Caencrsue. Cosepwennvie JHD QAL L, l,, asismomes edur-
emeennvimu JJTHO smux @AJI om BII X (n).

§3 Cokpamiennas JIH® u cnocobbl ee MOCTpOEHMs

Paccmorpum Tenepb HekoTOpble crienuaabable Buabl JIHD u
UX «[eOMETPHUUECKYIO» MHTepIIpeTanuio. byneMm roBopuThb, 9To
QAJT f' umnavyupyem DAJL f”, wmm, unage, PAJI [’ no-
enowaem OAJL f', ecim Ny C Nyr, TO €CTh HMIUTHKAIHS
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(f' — f") ToxpaecrsenHo pasHa 1. DyieMeHTapHAsi KOHbBIOHK-
must, Koropast umrunupyer @AJI f, HazbBaeTCa UMNAUKGH-
mot sroit PAJL. Bamerum, 9TO OTHOIEHNE UMILTUIIIPYEMOCTH
SIBJIAETCS OTHOIIEHUEM YaCTUYHOIrO TOpsiika U 9To f' uMILim-
mupyer f” rorma m rosbko Torma, korma f” = f'\V f" wm
f'=f"-f". Orciona cnenyer, B wacraoctu, aro K K’ mmmm-
mupyer 9K K’ Torma u ToJbKO TOrma, Korma MHOXKECTBO OYKB
K" conepxkurca Bo mHoxkectse 6yks K’', To ectb K' = K" - K
st Hekotopoit 9K K, ne umeromeit oomux 6yks ¢ 9K K”. 9o
ozHauaeT, 4To B jJanHoM ciaydae K K’ moxker ObITh «ycTpa-
nHena» u3 JH® K"V K' ¢ noMompio TOKIeCTBa IOTJIONICHUST
(2.3).

HunsbronkTuBayo HopMaabHyio dopmy A Buga (2.6) Gyaem
HasweiBaTh JJHD 6es nozaowenuti DK, ecian Hu ojgHa us3 rpamneit
Ng,, ..., Nk, He CONepKNUTCA HU B OJHOM M3 APYruUX rpaHei
nokpbiTus (2.8). Ha «s3bIKe UMILIUIIUPYEMOCTH» 9TO O3HAYAET,
gro Hu ogaa u3 DK K, i € [1, s], He sBJsI€TCS UMILTMKAHTOM
9K Kj, tne j € [1, s] u i # j. BamMeTnM, 9TO ¢ IHOMOIIBIO TOXK-
Jecrsa noryomenus (2.3) u3 moboit JTH® A mokHO 1101y9ATH
JH® 2. 6e3 norsomenunit K.

Nmmmkanta K @AJL f mazpiBaercs npocmots umMnaiuka-
moti stoit PAJI, eciim ona He TOTJIOMIAETCS HUKAKON IpyTroit
ormaHOU oT Hee nMmiukanToit ®AJI f. U3 onpenenennit u or-
MEeUYEHHBIX BbIle (PaKTOB CJIE/LYET, 9TO B IPOCTYIO UMILIMKAHTY
QAJI f me Bxogsar Oyksbl HecytnecTBeHHBIX BII aroit ®AJI u aTo
u3 1000t uMIIMKaHTHl PAJ] f MOXKHO MOJIyYIUTh ee MPOCTYIO
UMILUIMKAHTY yJaJleHneM HeKOTopbix OYKB. [locsennee o3naua-
er, uro jrobas uminkanTa OPAJl f uMminnupyer HEKOTOPYO
npoctyto uMiutmKanTy f. C «reoMeTpudeckoii» TOUKHU 3PEHUS
npoctbie uMIIMKAHTBL DAJI f cooTBETCTBYIOT MaKCHMAJIBHBIM
0 BKJIIOUEHUIO TPaHAM MHOXKecTBa Nf.

Jusbronknust Beex npocthix nMmiukanT OAJI f nHaseiBaer-
ca ee coxpawennoti JJTHD. Samerum, aro cokpamennas JITHD
QAJI f asasercas IITH® 6e3 morjomeHuii u 4T0 €if COOTBET-
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CTBYET IOKPBLITUE MHOXKECTBa Nf BCEMU MaKCHUMaJIBHBIMU IIO
BKJIIOUEHHIO Ipanamm MHoxkecTBa Ny sroit ®AJL. Ykazannoe
COOTBETCTBHE TI03BOJIAET CTPouTh cokparenuyo JIH®D na oc-
HOBE <«IPEOMETPUUYECKUX» coobOpaxkeHuil. Tak, B COOTBETCTBHHI
¢ puc. 2.1 npasas vactb (2.10) siBisiercst cokparentoii JTHO
®AJI g, a u3 puc. 3.1a BeiTekaer, uro cokparnennas JJHDO OAJI
g (x1, 22, x3,24), U151 KOTOPO#i gy = (111110111101 1010), mme-
eT BUJ

Jd=K|V...VK7, (3.1)
rie K{ = I374, Ké = Z273, Ké = ToXy4, KZI = 71723, Ké =
= x9%4, K, = T1T4, K}, = T T2, npuuem DK K/, i =1,...,7,
coorsercreyer rpanu N, = Ny na puc. 3.1a. Ha puc. 3.1b

IPUBEJIEHA JIJIf HAIVIAJHOCTU «pa3BepTKa» MHOxKecTBa Ny 1
COCTABJIAIONINX €r0 MaKCUMAaJIbHBIX Ipaneil ykazannoit OAJI ¢'.
Jlerxo BujieTs, uro cokpariennas JJH® DK wim 9/1 coBnamaer
C Hell caMoil.

Yrobw! caenarh nmocrpoenne cokparientoit JJHD nasa OAJI
fy f € Pa(n), bostee HAIJISIHBIM, YaCTO UCIIOJIB3YIOT €€ Mpejl-
craBjieHne B Bujie xKapmot Kapro, o ects B Bue Tabimuis Il o( f),
B KoTopoit Habops! (10) u (11) mepecraBieHbl, a TPOTHUBOIIOJIOXK-
HBIE CTOPOHBI OTOXKJECTBJIEHBI 10 THUILY «TOPa». 3aMETHM, UTO
moGoe pebpo Kyba B coOTBETCTBYeT JABYM COCEIHMM KJICTKAM
yKa3aHHO#1 Tab/mIbL, a J:060ii KBajpar B B* — 6o ksaapary,
COCTaBJIEHHOMY U3 YETBIPEX COCEJHUX KJIEeTOK TabJiniibl, JTubO
ee cTtpoke miam crosbmy. Ha puc. 3.2 mpusemena xaprta Kap-
o ®AJI ¢'(x1, 22,23, T4) U yKa3aHBI BCe MAKCUMAJbHBIE TDAHU

sroit DAJI.

Teopema 3.1. ITycmo A" u A" — coxpawernnve JHD DA
' u f" coomeememesenno, a JTH® 2 6e3 nozrowernuti nosyva-
emca us gopmyan, A - A" 6 pesyavmame packpvimus cxobox
u npusedenus nodobrwvix. Tozda A — coxpawennan JTHDP PAJI

f=g
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Bs = (1011)
N3
o = (1001) a3 = (0001 a7 = (0011)
N, )
Bo = (1000) @ =0 as = (0010)> A1 = (0111)
N} A
a1 = (1100) a5 = (0100) ag = (0110)
N5
Bs = (1110)
b)

Puc. 3.1: «reomerpus» coxpamennoii JTH® OAJI ¢
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1
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T T

X
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Puc. 3.2: kapra Kapno ®AJI ¢’
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Jloxazamenvcmeo. loctaToduHo 10Ka3aTh, 9TO B 2 BXOIUT JIIO-
6as npoctas nmminkanTa OAJI f. [lycts 9K K sBistercs mpo-
croii mmiiukanToir GAJI f u, cjaemoBaTe/bHO, SIBJISIETCS UM-
mmkanroit kKak @AJI [/, rak mw ®AJI f”. U3 cBoiicTB cokpa-
mennbx JJH® porrekaer, uro B A" u A" naiinyrcea 9K K’ u K"
COOTBETCTBEHHO, KOTOpble nMmiamupyiorcs dK K. Takum 06-
pasom, B JH® 2 soitner nmmmnupyemast ®AJ K- K" DK K,
KOTOpAasl MOJIYUYUTCH B PE3yJIbTaTe PACKPBITHS CKODOK U IIPUBE-
JeHus nogobusix B dopmyse A - A”. 3amernm, uTo npu sToM
9K K ummmumupyer ®AJI K- K" u, ciejoBaTe/bHO, IMILIAIH-
pyer 9K K. [Tockonpky DK K siBasiercst mmiuinkanToit ®AJT f
u, ojHOBpeMeHHo, nMiumnupyercs K K, To K=K , TaK Kak
K — npocras nmmaukanTa OAJT f.

Teopema mokazaHa. ]

CnenctBue. Ecau JHD A 6e3 noesowenuli nosywaemcs us3
KH® B QAJI f 6 pesyavmame packpumus ckobok u npusede-
HuA nodobruz, mo A — coxpawennans JHD PAJI f.

[Tpumenss caeacrsue u3 teopembl 3.1 k PAJI ¢', nokazan-
Hoii Ha puc. 3.1-3.2, noayuum (cpasuure ¢ (3.1))

D= (fl V T2 VT4)-(ZL‘1 VTV I3 \/f4)'(f1 Vxo VT3 \/ZL‘4) =
= (Tz V T4 \/flfL‘g) . (fl V xo VT3 \/1‘4) =
=T3T4 VT1T4V T1To V T3V X2T4 V T123 V ToX4.
Caenyrommit meron (meros Bueiika [6]) mossossier moury-
qaTh cokparrennyio JJTH® ®AJI f uz mpoussoabuoit JIHD sroit

OAJI ¢ noMoIIbI0 3KBUBAJIEHTHBIX IPE0Opa30BaHuil Ha OCHOBE
TOXKJIECTBa, 0DOOIIEHHOIO CKJICUBAHMSI:

X129 V T1x3 = X122 V 123 V T2X3.

Jiobaa JH® A, xoropyio MoxkHO mojayunth uz JTH®D A
nyTeM (bOPMHPOBAHMS B Hell ¢ MOMOIIBIO TOXKJIECTE acCOIHa-
TUBHOCTH ¥ KOMMYyTaTUBHOCTH nogdopmyn suja z; K’V T; K",
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IpUMEHEHUsT K 3TUM T0/IOpMy/IaM TOXKECTBa OOOOIIEHHOTO
CKJIEMBAHUS

r, K'VT, K" =0, K' VT, K" v K'K" (3.2)

U TIOCJIEJTY IOIIETO IPUBEIEHUS [TOI00HDBIX, HA3BIBAETCS PACUUDE-
nuem JTHD 2A. Pacmupenue A JIH® A cauraercs cmpoaum, ec-
ma A" conepxur DK, He ABIAIONLYIOCA UMILIUKAHTON HU OJIHOM
9K uz 2. 3amerum, aro cokpamtentas JIHD we umeer crporux
pacIIupeHuii U 9TO B PE3yJIbTATE IMOCTPOEHUs OCJIEI0BATE b
HBIX CTPOTUX PACIIUPEHUI U MPUBEJICHUS TOI00HBIX U3 JI000it
JH® moxkuo mosyunts JJHO 6e3 noromenuit 9K, koropast He
UMEEeT CTPOI'UX PACHIUPEHU.

Teopema 3.2. /[HD 6e3 nozaowenuti 9K asasemca coxpa-
wernnott JJHD mozda u moavko mozda, xozda ona He umeem
CMPo2UX pacuuperud.

Joxasameavcmeo. HocraTouno ydoemurbesa B Tom, uro JIHD A
6e3 noryionenuit YK, He mMMeroNas CTPOrux pacIIMpeHuii, co-
JIEPKUT BCE TPOCTBIE MMILTUKAHTHI peanudyemoii eio PAJI f.
IIycrs X (n) = {z1,...,2,} — muoxecrso BII TH® A, a K —
pocTasi UMILIHKaHTa, f, Koropas He BxoauT B 2. Pacemorpum
MHOKeCcTBO K, COCTOsIIIEe N3 BCEX TEX JIEMEHTAPHBIX KOHHIOHK-
muii or BIT X (n), KoTopbie sIBJISIOTCS UMILTUKAHTAMU f, HO HE
SIBJIIIOTCS UMILTHKaHTaMu Hu ofgaoil DK m3 2. 3amernm, ato
MuoxkecTBo K He mycTo, Tak Kak cojepxkut YK K B cuiy ee
cBoiicT, 1 uro K He MoxkKeT cojepKaTh K panHra n, MocKoIb-
Ky sobas 9K suma x7'---z0", tne o = (aq,...,a,) € Ny,
sBJsieTcs uMILIukanToil Toit K uz A, koropast obparaercsa B
1 ma nabope a.

[Iycts, naee, k — 9K makcumasibHOro panra B K, mpudem,
Kak ObL10 oT™MedeHo, R (k) < n, u mycrb OykBbl HeKoTOPOit BIT
zi, 1 < i < n, ve pxousar B k. Torma, B cuty Beibopa 9K k u
cpoiicts JTH® A, 9K Buzma z; - k (Buna T; - k) moyKHa OBITH NM-
wmkanToit nekoropoit K suga z;- K’ (coorsercrsenno T;- K')



30 Bgenernne

u3 2, e 9K K’ u K" cocroar uz 6yxs 9K k. Cienosaren-
no, 9K k apngerca nmmmkanToit 9K K pasnoit K- K", a 9K
K , B CBOIO OU€PE/Ib, SIBJISIETCSI UMILIMKAHTOH HEeKOTOpoit DK n3
2. Heficreurensuo, THP 2 e nmeer cTporux pacmmpennii u
moaToMy copepxkut IK, xkoropass nmmmurupyercs 9K K, mo-
nydatomeiica u3 noadopmyasl 2; K' V T; K" B pesynbrare sK-
BUBAJIEHTHOrO 1peobpasosanust (3.2). Takum obpasom, DK k
SIBJISIETCST UMILINKAHTON HekoTopoit DK u3 2 u He MoxKeT BXO-
quth B K. Iomydennoe nporuBopedne nokasbiBaer, 9o K K
BXoauT B 2.

Teopema jokazaHa. ]

CrnenctBue. U3z ao6ot JTHD A QAJI f moorcno noayuums co-
xpawennyro JHD smoti PAJI 6 peaysvmame nocmpoerus no-
CAED0BAMENDHDIT CMPO2UL Pacuiuperutl u npusederus nodoo-
Hox do noayvwenus JTHD 6e3 nozaowenutd 9K, ne umeroued
CMPo2UL pacusuperud.

Bosbmem q1st mpumepa B kadecte JIH® 2A copepirernyo
JH® OAJI ronocoBanust H (x1,x9,x3), KOTOpast HMeeT BUJ

A (:L'l, x9, .%'3) = X123 V T1X2x3 V T1T2x3 V T1L2T3.

[Mpumensia k A meron Bureiika, mosry«amm:

A = (xlxg.’L‘g V Tlxgxg) V £1ZTox3 V x1X2T3 =
= Xox3 V T1T2x3 V T1L2T3 = (.%'2$3 vV fgwll}g) V X122T3 =
= xox3 V 13V T1X2T3 = T2x3 V (wg.ilfl vV 53.1‘11'2) =

= xox3 V 123V T1X2. (3.3)
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§4 Tynukosbie JJH®, aapo u JTH® nepeceuenune
TynukoBbiX. JIH® Kgaiina u JJH® cymma Ty-
MUKOBBIX, KPUTEPUil BXOXKJAEHUS MPOCTBIX UM-
mIMKaHT B TynukoBble /TH®, ero jsokaibHOCTH

Bynewm ropoputs, uro JJHO 2, peanusyromas CAJI f, apiser-
ca mynuxosoti JTH®, ecom f # A nua moboit JTHD A, mosy-
JenHoit u3 A B pe3ysbTaTe yIaJeHus HEKOTOPbIX OYKB WA Iie-
abix K. U3 onpenenenns: BoiTekaer, uro B Tynukopyio JIHO
A OAJI f MoryT BXOJUTH TOJBKO IIPOCTHIE UMILIMKAHTBI STOM
OAJI, u aro A saBnsercsa JITHD 6e3 nornomenuit K. C «reomer-
pudeckoity Touku 3perust tynukosasi JIHO A OAJI f zamaer
Tynukosoe (cM. §1) mokpeiTie MuOXkKecTBa, N f MaKCHMAILHBIMI
rpaasivmu PAJI f u obparHo.

ITocTrpoenne Bcex min HEKOTOPLIX TyNUKOBLIX JITHD st 3a-
nmannoit PAJI f apasiercss, 0OBIYHO, MPOMEXKYTOUHBIM STAIIOM
IpU TIOCTPOEHUN Munumarvhol (kpamuatwet) THD OAJT f,
to ecrb JJH®, Koropasi uMeer MUHUMAJIbHBIA paHr (COOTBeT-
crBeHHO jyinHy) cpean Beex JTH®, peanmsyromux f. D1o cBsi-
3aHO ¢ TeMm, 4T0 MuHUMajbHasg JIH® obs3aTe/bHO sIBIISETCS
TYIUKOBOI, a cpeau kparuaitmux JJH®D Bcerma ecrb Tynuko-
Basl.

[Ipu mocrpoennn TynukoBbix JTH® ®AJI f 6piBaeT mosesHo
suarh JTH® nepeceuenue mynurxoswr (JJHD NT) GAJL f, To
€CTh JIU3BIOHKIIUIO BCEX TEX PA3JIUIHBIX MPOCTHIX UMILIAKAHT
sroit PAJI, koTopbie BXogaT B Ji0Oyio TynmukoByio JJTHD PAJI

f.

Habop «, a € B™, nasbiBaercs adposot mowkots PAJL f (xq,. ...

ecm o € Ny M (v BXOJIUT TOJIBKO B OJIHY MaKCHMAaJIbHYIO I'DaHb
OAJI f. Ilpu srom rparb N, SIBISIOMAsICS MaKCUMAJIBHOM
rpanbio @AJI f u comep:karasi TOUYKY «, CUUTAETCS AIPOGOT
epanvro QAJL f, a COBOKYITHOCTD BCEX PA3JIMIHBIX SJIPOBBIX I'Pa-
meit PAJI f naseiBaercss adpom OAJI f.
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Jlemma 4.1. JlussronxmusHas HopmarvHas dgopma NI OAJI
f cocmoum us mex npocmox umnauxanm DPAJ f, xomopoie
coomsemecmeyrom Adposvim eparam amoti GAJL

Jlokazamenvcmso. Ilycrs rynukosas JJTH® A DAL f (z1, ..., x,)
He BKJIIOYaeT B cebs MpoCTyio nMILIMKauTy K, KoTopas cooT-
BercTByeT sijipopoii rpaan N OAJL f, comepxxkatieii siipoByO
touky « 31oit DAJI. IlockosbKy Bce oTmvaHbe OT K MPOCTHIE
nviumkaaTel PAJI f obpamarorcs B 0 Ha Habope «, To JHD
2 Takke Oymer paBHa () ma TOM HabOpe W, CJIEIOBATE/ILHO,
f () = 0. Iosmygennoe npoTuBopeune ¢ TeM, 410 o € Ny, Ji0-
Ka3bIBAET HEOOXOMMMOCTD BKoueHns DK K B 100yio Tymmko-
Byio JIH® DAJI f.

[Tyctb Tenepsb npocras nmimkaaTa K OAJI f coorBercTBy-
er rpann Ng, Koropass He BxoguT B sjapo OAJI f. Ilpu sTom
KaxKJias Touka rpaHu Ny MOKPBIBAETCS XOTs Obl OIHON OTJINY-
HO#t or Ng MaxcumajbHOil rpanbio OAJI f. CremoBaresbHo,
Bce ormmuHble 0T Ni MakcuMajbHble rpanun OAJI f obpasy-
IOT NOKPBITHE MHOXKecTBa Ny, U3 KOTOPOIO MOYKHO BBIICIUTDH
TYIUKOBOE TOJIOKPBITHE, COOTBETCTRYyIoIee TynukoBoit JIH®
QAJI f, me conepxkareit IK K.

JlemMa, JIoKa3aHa. O

Ucxomst m3 «reoMeTpuIecKux» COODParKeHUH MOYKHO HaXO-
JINTH Bee niin HekoTopble Tynukosbie JTHD nag @PAJI or HeGob-
moro yucsia BII. Tak, manpumep, cokpamennas JTH® (3.3)
st PAJT «rosocosanusiy H (21, x9,x3) ABISETCS €IUHCTBEH-
Hoit TynmkoBoii JTH® sroit DAJI, PAJT g (21, z2,23) (cM. puc.
2.1a u (2.10)) mmeer narh TynukoBeix JHO —

A =K1 VK3V Ky, A=KV K4V Kg, (4.1)
As = K1V KoVKyV Ky, Ay = KoV K3V K5V Kg,

(4.2)
As = K3V K4V Kg V K1,
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ay OAJI ¢ (z1, 2, x3,24) (cM. puc. 3.1-3.2 u (3.1)) umerorcs
aBe Tynukosbie JTHO —

' =K{VK,VEK;VKL A,=K,vK;VvK|VK (43)

ITpu srom JTH® 2y, s B (4.1) n JHD A}, A, B (4.3) sBaist-
IOTCsl MUHUMAJIBHBIMU ¥, OJIHOBpeMeHHO, kpardaiimumvu JJHO
®AJI g u DAJI ¢’ coorBeTcTBEHHO.

[Ipu mocrpoernn TynukoBbix JJHO OAJI f wapsany ¢ JJHO
nepeceveHne TynuKOBBIX 1mojie3Ho 3uaTh JJHD cymma mynuxo-
soix (JHD XT) ®AJL f, T0 ecTh AU3BIOHKIMIO BCEX TEX pas-
JIMIHBIX MPOCTHIX UMILTUKAHT 9T0#t DAJI, KoTOpble BXOIAT B
xoTst Ol B osiHy TynmukoByio JJTH® OAJI f. 3amerum, aro JTHO
NT ®AJI f B obmem ciydae me peanusyer camy PAJI f, a B
HEKOTOPBIX CJIydasiX U, B yacTHocTH, B ciydae PAJI g (cMm. BbI-
me), MoxkKeT ObITh mycroit. B To xe Bpemst JJTH® YT DAJI f
Bcerna peaymsyer 3ty OAJI, comep:KuTcs B € COKpaIeHHON 1
MOXKET C Heil COBIAIaTh, KaK 3TO nMeeT MecTo B ciaydae OAJI
g win B ciydae PAJI «rosocoBanusi».

Bynem nazbiBare QAJI adposoii, eciin Bce ee MaKCHUMAJIb-
Hble TPaHW SABJIAIOTCS sapoBbiMu. U3 memmbl 4.1 ciemyer, 910
cokpariennas JIH® smaposoit ®AJI sBisercs: ee e uHCTBEHHOIT
rynmkosoit JIH®. Ilpumepom simposoit PAJI siiastercs OAJI
rostocoBanust (3.3) (cMm. Takzke §6).

Jlu3bIOHKTUBHAST HOpMaJibHasi (DOpMa, IOJTYyJAOIIAsCS U3
cokpariennoit JTH® OAJI f ynanenmem tex 9K K, st Ko-
TOpBIX Ipalb Nk mokpbiBaeTcs supom @AJL f| HO He BXOIUT B
Hero, HaswiBaercsd JH® Keatina sroit DAJI. U3 onpenenenuit
cnenyet, uro JJH® Kgaitna @AJI f saogaer B cedbst JTHO XT
sroiit ®AJI u comepxkurcs B ee cokpariennoit JTH®. 3amermm,
aro jyist DAJL ¢” (1, x9, x3), nokazanuoii Ha puc. 4.1, ee co-
kpamennas JJH® umeer sun g” = x9T3 V T1xo V T123, TO €CTh
orimmuaercst ot JJH® Ksaiina, KoTopast siBIsteTCsI € TMHCTBEHHOM
rymukosoit JJTH® sroit ®AJI u umeer suz ¢’ = w073 V T1x3. B
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(111)

1) €3

(000)

Puc. 4.1: «reomerpus» coxpamennoit JTH® ®AJI ¢”

To 2ke Bpems g PAJI ¢, mokazannoit Ha puc. 3.1, JTH® Kgaii-
Ha coBmagaer ¢ cokpartennoii JTH® sroit ®AJI u ormaaercs
or ee [JH® XT, koropas (cM. Bblllie) paBHa

K{VK),VEK,vVEK|VK;.

Hnga @AJL f (z1,...,2,) n HAOOPA o, @ € Ny, 0603HAUNM
gepe3 Il (f) MHOXKeCTBO BCeX MPOXOJSINUX HYEPE3 ( MAKCH-
MaabHbIX Tpaneiit DAJI f, koropoe MBI OyIeM Ha3BIBATH NYUKOM
QAJI f uepes mouky . Touxy o, oo € Ny, Oyzem Ha3bIBATL pe-
eyaapnoti mowrot PAJI f, ecrm maitnerca Touka 3, 3 € Ny,
U1t KOTOpOit mMeeT MecTo crporoe Bkitouenne Ilg (f) C Iy (f).
VKazaHHOe BKJ/IOYEHUE O3HAYAET, UTO JII0Oas MAKCUMAJIbLHAS
rpanb OAJI f, npoxonsias yepes TOUKY 3, IPOXOAUT U UEPe3
TOYKY (v, IPUUIEM €CTb Takasi MakcuMaJjbHast Tpaib OAJI f, ko-
TOpas MPOXOIUT Yepe3 TOUYKY (v, HO He IMPOXOIUT UYepe3 TOUKY
B. Jlerko Bumerh, aro s 060l peryisipaoit Touku o OAJI
f Bcerma HaiizeTcs Takasg HeperynadpHas Touka 3, 3 € Ny, and
koropoit IIg(f) C I (f).

W3 onpenenenuit caeayer, 9To JIr00Oast HeSIpOBasi TOYUKA, 51
POBOIi TpaHU peryssipHa, U MO3TOMY TOYKH v, i € [1,7], DAJI
¢', nokazanHnoii Ha puc. 3.1, ABJIAIOTCA ee PeryJIsapHbLIMEA TOUYKA-
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mu. Kpome rtoro, B cuity Brimodennus g (¢") C Iq,(9'), Totuxa
(g TOXKE SIBJISIETCST PETYISIPHON Toukoit 9ot PAJI.

I'parp N @AJl f HazbBaeTCs: pe2yssapHol 2paHblo STOM
DAJI, ecm Bce Touku Ng peryasipHbl. 3aMETUM, UTO TPaHb,
KOTOpPAasl HE BXOJHUT B sIJIPO, HO IMOKPHIBAETCA UM, SIBJISIETCS Pe-
rynapHoii. 3amerum Takxke, aro qua PAJI ¢', nokaszannoii Ha
puc. 3.1, rpanu Nj u N,, koropsie ne Bxogsar B JH® YT, sb-
JISIIOTCSL PErYJISIPHBIMU, TaK KaK COCTOST U3 PEryJISPHBIX TOYEK.

Teopema 4.1 (cp. |28, 6, 23, 10]). IIpocmas umnaukanma K
QAJI f exodum 6 JHD YT mozda u moavko mozda, xoz2da
eparv Ni He ABAAEMCA pe2ysapHol eparvro amoti PAJL

Zoxasameavcmeso. Ilyctb aq, ..., s — BCe pPeryaspHble TOYKA
QAJI f. Torma juist kaxxyoro j, j = 1,...,8, B CHILy peryJssip-
HOCTH TOYKH (vj, HaiineTca HeperynapHas Touka (3; PAJI f,
0618 TatoIAsT TEM CBOMCTBOM, UTO JTI0HAsT MAKCUMAJIbHAS TPAHb
@®AJI f, mpoxongamas depe3 TOUKY [3j, IPOXOJUT U Uepe3 TOU-
Ky «;. CienoBaresibHO, y100as CHCTeMa MaKCHMAJBHBIX I'Da-
weit ®AJI f, mokpeiBatomast Touku i, ..., Bs, «aBTOMaTHYIE-
CKHU» TMOKPOET BCE TOYKH (1, ...,Qs. LakKuM 0Opa3oM, TpaHb
Ny, cocrosimasi U3 pPeryJsipHbIX TOYEK, HEe MOXKET BXOJUTb B
TYHNHKOBOE HMOKPBITHE MHOXkKecTBa Ny MaKCHMaTbHBIMU TDaHs-
mu, u nosromy K K ue moxer sxonuts B JTHO YT OAJI f.

IIycts Teneps Nx — Heperyasiprast rpaab @AJI f, koro-
pasl COIEPIKHUT HEPEryJIsSpHYIO TOUKy «, n myctb Ny \ Ng =
={p1,..., B¢} VI3 HEpEryIsAPHOCTH TOUKA (v CIIEMLYeT, YTO LISt
moboro j, j = 1,...,q, mydok lg. (f) me MoxkeT GBITH cTpO-
ro Biaoxken B mydok I, (f). Kpome Toro, pasencrso Ilg, (f) =
= IIa(f) Toxe neposmorkno, Tax xak Ni € Ilo(f) \ g, (f),
u nosromy B g, (f) maifaercs rpanb N, KOTOpas MPOXOIUT
gepe3 TOUKy [3;, HO He IIPOXOJUT Yepe3 TouKy . CileioBaTesnb-
HO, U3 HOKPBITUS MHOXKecTBa N; MaKCHMAJbHBIMU I'DAHIMI
Nk, Nky, ..., Nk, Heqb3a ynamuthb rpaib N, Tak KakK TOJIb-
KO OHa IMOKPBIBAET B HEM TOUKY «. Takum obpasom, Jr0boe Ty-
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IIMKOBOE ITOKPBITHE MHOXKECTBa Nf, ABJIAIOIITEECHd ITOAIIOKPBITU-
€M YKA3aHHOI'O IOKPLITHS, OyIeT COOTBETCTBOBATDL TYIIMKOBOI
JIH®, conepxkameit 9K K.

Teopema jokazaHa. ]

Kocuemest, najee, Bompoca O JIOKAJIBHOM XapaKTepe pac-
CMOTPEHHBIX BBIIIE KPUTEPUEB BXOKAEHNS IPOCTHIX NMILIUKAHT
QAJL f Bee JHO NT u JHD XT (cm. |28, 22, 23, 16]). dus
kazk 10t MakcumasibHoi rpanu N QAL f (z1, ..., x,) HOI0KUM
So (N, f) = {N}, azarem unnykmueii mo r, r = 1,2, ..., oupese-
M MHOZKeCTBO Sy (N, f) KaK MHOXKECTBO BCEX T€X MaKCHMAJIb-
ubix rpaneit @AJI f, KOTOpble UMEIOT HEIYCTOE TepecevdeHne
x0Tst 6b1 ¢ onHOit rpanbio u3 S,_1 (N, f). IIpu sTOM MHOXKECTBO
Sy (N, f) 6ynem HasbIBaTL 0Kpecmuocmovio nopadka v epanu N

JlokaxkeM, 9TO BOTMPOC O BXOXKJEHUU MPOCTONW MMILTAKAH-
et K ®AJT f 8 JH® NT (AH® XT') sroit PAJI MoxHO pe-
muTh, paccmarpuBas okpectHocTb S1 (Ng, f) (coorBercTBEHHO
Sa (N, f)). HeiicrBuresnbHo, rpaib N sIBISIETCS I/IPOBOI I'Pa~
upto @AJI f Torma u ToIbKO TOTTA, KOT/Ia OHA He TIOKPHIBACTCS
BCEMHM OCTaJIbHBIMU MakKcuMaJjibHbIMU Tpansmu 31oii OAJL. Tlo-
CKOJIBKY Ipanu, He Bxogsamue B S1 (Ng, f), He uMeoT obmmx
Touek ¢ N, rpanub Ny sIBJsIeTCsl siIpOBOI TOT/Ia U TOJBKO TO-
I7a, KOT/la OHA HEe MOKPBIBACTCS BCEMU OCTAJBHBIMU TDAHIMU
u3z S1 (Ng, f). U3z reopembr 4.1 cienyer, uro 9K K He Bxo-
qgut B JIH® T OAJI f Torma u TOJIBKO TOTIA, KOTA JJIsI JIFO-
6oit Toukn o u3 Ny Haitnerca Touka 3, f € Ny, s KOTOpoit
g (f) C 11y (f). BameTnm, aro Bee rpanu my«xa I, (f) Bxogar
B 51 (Nk, f), a Bce rpanu nyuka Ilg (f), ecnmu I1, (f)NIlg (f) #
@, — B S2 (Ng, f). CieroBaresibHo, npoBepky rpanu Ny Ha pe-
TYJSIPHOCTH MOYKHO OCYIIIECTBUTD HA OCHOBE aHAJII3a €€ OKPECT-
HOCTH TopsiiKa 2. Jlerko mokasarh, 9TO pacCCMOTPEHUE OKPECT-
HOCTH TIOPSIIKA 2 JOCTATOYHO JIIsi MPOBepKu rpann Ni Ha ee
xoxternue B JTH® Ksaitna @AJI f. Ecu ke Bce siipoBbie rpa-
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au GAJT f BbljesIeHBl 1 «IIOMeYeHbI» (JJIsT 9TOr0, Kak y»xkKe To-
BOPHUJIOCH, JOCTATOYHO PacCMOTPETh UX OKPECTHOCTU TMOPSIKA
1), To mesxoxaenne DK K B JIH® Kgaiina ®AJI f paBHOCKHIIB-
HO TTOKPBITHIO Tpaiu Ni OTIUIHBIMUA OT Hee «IOMEUCHHBIMU»
rpansimu u3 okpecraocru S1 (Ng, f).

§5 Ocobennoctn JTHP nuHEHBIX 1 MOHOTOHHBIX
dbyskmnii. DyHKIius NOKpbITUs, Tadbauna Ksaii-
Ha U IIOCTPOeHMe BceX TynukoBbixX JIH®

Byzaem rosoputs, aro PAJL f(z1,...,x,) aunetino 3asucum om
BII z;, wim, unadge, yro BII x; asusgercsa aunetinot BII OAJI
f,ecmn f () # f(B) mns mobbix cocequnx o BII x; mabopos
a u B xkyba B™. Ilpu stom miss @AJI f umeer mecto paBeHCTBO

fr,...,zn) =2, ® f (21, ., 2i-1,0,Tig1, .., Tn)

KoTopoe paBHocujbHO JjuHeitHocTn BII x; ®AJI f, a 3mauur
QDAJI samasiercst JUHEHHOW TOra W TOJBKO TOTMA, KOTJa OHA
JINHEHHO 3aBUCHUT OT BCEX CBOUX CYIeCTBEHHbIX BII.

Bamernum, uro ecau PAJI f auneitno sasucur or BII x;, To
B JitoOy10 nmiumkauTy 3roit PAJI BxomuT ojHA U3 OYKB T;, Tj.

Paccemorpum masee kinacc monoroHHbIXx PAJI 1 HEKOTOpBIE
CBsI3aHHBIE C HUM JIpyrue Kjacchl (yHkiumit. Hamomamm, aTo
QAJIL f (x1, ..., x,) HA3BIBACTC MOHOMONHOU, ecin f(a) < f(B)
Jytst JII00bIx HAbopoB o u B Kyba B™ takux, uro o < . Bynem
ropoputh, uro PAJI f (z1,...,2,) MOHOMOHKO 3asucum om
BII x;, wnu, unave, BIl x; asasgerca monomonnot BII OAJI
f, ecim mepasencrso f (o) < f(f) BbIOMHSIETCS ISt JIFOOBIX
cocenaux 1o BII z; mabopos a u B kyba B™ takux, dro a < .
Jlerko Buserh, uro monoronHass PAJI MOHOTOHHO 3aBUCUT OT
Bcex cBoux BII u obparmo.

Hoxkaxkem, aro eciiu PAJI f(x1,...,2,) MOHOTOHHO 3aBU-
cut ot BII x;, To H1 ofgHA M3 ee TMPOCTHIX UMILIUKAHT HE MO-
KeT cojilepKaTh OyKBY T;. JleiicTBUTENIFHO, ITyCTh UMILIMKAHTA
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K" ®AJI f comep:kur OyKBy T; U, CJeJ0BATE]LHO, JJisd I'DaHu
Ngr =T, rne v € ([0,2])" u +/ (i) = 0, umeeT MecTO BKIIIOYe-
e Ny C Ny. Torpa, B cury Monoronnoit 3asucumoctu OAJI
f or BII x;, nMeroT MecTO BKJIIOYEHUST

Ngn =Tw C Ny m Ng=I,=Ng UNgn C Ny,

rie nabop v (mabop «y) nosyvaercst uz nabopa ' 3amenoii 0 B i-
oM paspsje Ha 1 (coorBercrBento 2). [Tocsieinee u3 3TuX BKIIIO-
JeHnit o3Havaer, uro JK He dABIsgeTCH TPOCTON MMILTHKAHTOI
Q@AJI f, To ecTh mpocTasi UMILIMKaHTa MOHOTOHHO# 110 BIT ;5
OAJI He MOKeT comepKaTh OYKBBI T;. OTCI0Ia CIeIyer, 9To JIio-
6ast mpocTas UMILTHKaHTa OTANIHON oT 0 MoHoToHHONH PAJT s1B-
Jsigercsa MoHoToHHO DK, To ecThb He comep:kuT orpunanuii BII.

YacrabiM ciiydaeM MoHOTOHHOM 3aucumoctu DAJI f or
BII z; siBasiercst koustonkmueHnas (Ou3sONKMUEHAA) 3aBUCH-
MocThb f OoT x;, Korpa f = z; - g (coorBercTBenHO f = 77 V g),
e PAJI g mosyuaercss uz f nojcraHoBKON KOHCTAHTHI 1 (co-
orsercreenHo () Bmecto BII x;. Ilpu sT10M B Ciiyuae KOHBIOHK-
TUBHOI 3aBUCUMOCTH OyKBa T; BXOIUT B JIIOOYIO UMILIUKAHTY
QAJl f, a B caydae MU3BIOHKTUBHONW 3aBUCUMOCTH OyKBa T;
He BXOJMT HU B OjHY npocTyto nMmitukanty OAJI f orauuanyto
or z;. Byzmem rosoputs, uro PAJL f (z1,...,zy,) unMOHOMONNO
(unkonsronkmueno, undussronkmueno) sasucut ot BII x;, ecim
QAJL f (x1,...,Ti—1, T, Tit1, - - - , Tp) 3ABUCHUT OT Lj MOHOTOHHO
(COOTBETCTBEHHO KOHBIOHKTHBHO, JU3bIOHKTUBHO). OueBuHO,
uto Bce ocobennocTu JIH®, xapakrepubie g OAJL ¢ Toit nim
WHOW MOHOTOHHOU 3aBrcuMocThio OT BII pacnpocrpanstorcs Ha
QAJI ¢ aHAJIOrTIHON WHMOHOTOHHOW 3aBUCUMOCTBIO IOCJIE€ UH-
BEpPTUPOBaHUs cooTBeTcTBYOMUX BII.

CormocraBuM Kazkiomy Habopy [ u3z B, MoHOTOHHYIO DK
KE or BII X (n), cocrosiyio u3 Tex U TOJIBKO TeX OYKB Zj,
J € [1,n], nusa xoropsix 5 (j) = 1, u 3amMeTnM, 4TO KaxKjasi MO-
noronnast DK or BII X (n) moxker ObITh IpejicTaBIeHA B yKa-
3aHHOM BuUJIe. JIerko BUJIETH TakKe, 94TO I'PaHb, COOTBETCTBYIO-
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mas K KE, rae S = (f1,...,Bn) € B", umeer Bux Iy, rie
v=(2-p1,...,2— ). Habop o, a € B™, Ha3bIBaeTCH HUHC-
neti edunuuets mororonnoit PAJI f, f € Py (n), ecim o € Ny
u f(f) = 0 mus m06oro oTaMIHOro OT (v Habopa [ TaKoro, 4To
0 < a. MHOXKeCTBO BCex HUXKHUX eauHui, MoHoToHHOIH DAJI f
OymeMm 0003HAYATD depes N T’

B cuny BBegeHHBIX OHpe,HeJIeHI/II/I K (o) = 1 Tora u TOIH-
KO TOTJIa, Korja « > 3, OTKyIa cne;LyeT aro Habop [ sIBJIsIeTCS
eIMHCTBEHHON HUKHEN equnuiein DK K T u uro DK K, nu-
mmnupyer YK K71, Torma m Tombko TOI‘)ZLa korma 3 > pB.
Orcrona BbITeKaeT Takxke, 4ro DK KE SBJISIETCS IIPOCTOM UM-
mmkanToir Monoronnoit @AJI f Torma m TOJIBKO TOTIA, KOTJIa
B e Nf+, 1 4TO HAOOP [ ABJISETCS IPU 3TOM SIAPOBOI TOUYKOM
QAJI f. Takum 06pa3oM, JOKA3aHO CJIEIYIOIIEe YTBEPKIeHUE.

JIlemma 5.1. Coxpawernan JJH® A monomonnot PAJL f, f € Py (
asaaemes edurncmeennoti mynukosot JTH® amot OAJI u ume-
em 6ud:

A(x1,...,2pn) = \/ Kg(wl,...,:nn).
BeENF

IIpu smom ece 1abopv, u3 N]fr ABAAIOMCA ATPOBHIMU MOYKAMU

QAJI f.
CaencrBue. Monomonnan @PAJI saeasemes adposoti PAJI.

Hamomumm, 910 ¢ «reoMeTpuveckoiiy TOYKU 3PEHUs, COKPa-
mennast JTH® OAJIL f uz Py (n) npejacrasiser coboii TOKPHITHE
MHOX)KecTBa Ny BCeMU MaKCUMAaJIbHBIMU TDaHAMM, & TyIIHKOBast
JH® cooTBeTCTBYeT TYNUKOBOMY TMOJIOKPBITHIO, BBIIEISTEMO-
My U3 9TOrO MOKPBITUs. PaccMOTpUM CHavaja MeTOJ BbIIeJie-
HUsl U3 33J[AHHOTO MOKPBITUS KOHEYHOI'O MHOYKECTBA BCEX €ro
TYIUKOBBIX ITOJIIOKPBITHH, OCHOBAHHBIN HA IMOCTPOECHUU COKPa-
mennoit JIH® nna cuenuansuoii monoronnoit ®AJI, ceasannoii
C UCXOJIHBIM TOKPBITUEM.
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IIycte N = {ai,...,qs} — KOHEYHOE MHOXKECTBO, a I =
= (N1,...,N,) — cucrema €ro HOIMHOKECTB, 0OPA3YIOIUX II0-
kpbiTue MEOKecTBa N. Conocrasum mape (N, 0) marpuny M, M €
BP*| g xoropoit M (i,7) = 1 Torjga m TOJBKO TOrJa, KOTJa
N; 2 «a;. Bamernm, uro marpuna M ne mMeerT HyJIeBBIX CTOJIO-
OB, TaK KakK cucreMa 91 obpasyerT HMOKpbITHE MHOXKecTBa N.
Bysem cuurars, uro i-s crpoka (j-it crosben) marpuibt M co-
oTBeTcTBYeT IoAMHO)KecTBY N; cucreMer I (s/71eMeHTy «j MHO-
kecrBa N) u He OyzeM JiejiaTh MeXKJy HHMU CYIIEeCTBEHHBIX
pazauunii. Tak, 6ymgemM roBOpuTh, 9TO -5 CTPOKa MaTpuilbl M
nokpwuieaem ee j-it cronben, ecm M (i, j) = 1, To ectb N; 3 o,
u 9TO cucreMa cTpok ¢ Homepamu u3 I, I C [1,p], obpasyer
noxpwimue mampuyse M, ecin KaxKJIplit ee cTOJOEI MOKPhIBa-
eTcst XO0Ts1 ObI OTHO# CTPOKOi#T ¢ HOMepoM u3 I, TO eCcTh cucTeMa
nopvuoxkects {N;},.; 3amaer nokpeitue muoxectsa N. Ama-
JIOTUYHBIM 00Pa30M TOHUMAETCS TOKPBITUE OJIHOTNO MHOYKECTBA,
CcTpOK MaTpurbl M IpyruM MHOXKECTBOM €€ CTPOK U T. TI.

[ToxpeiTne maTputiel M, B KOTOPOM HHU OJHA CTPOKA HE I10-
KPBIBAETCS JPYTOil CTPOKOM, CIUTAETCS HENPUBOJUMbBLM, A TIO-
KPBITUE, HE MMEIOIIee COOCTBEHHBIX TMOAIOKPBITHH, HA3HIBAET-
C MYNUKOGLIM T T. TI. 3aMETUM, UTO 3aJada BbIJEJIEHUs BCEX
TYINUKOBBIX TIOAMOKPBITHH 13 MOKpbITUs Dt MHOXKecTBa N 3KBHU-
BaJIEHTHA 3aJ1a1e MOCTPOEHUsST BCEX TYIMHKOBBIX TOKPBHITHIT MAT-
punbt M, coorsercrytomeit mape (N,91). s pemenus: aToit
sagaun no aHajgoruu ¢ JJH® MoXKHO BBECTH MOHSITHE SIIPOBO-
IO U PETYJIAPHOIO CTOJIOIOB, & TAKXKe sIIPOBON U PeryaspHOit
CTPOKH, JJIsT KOTOPBIX OYIyT CIIPABEJINBLI Y TBEPIKICHIS, AHA-
soruunble JemMme 4.1 u Teopeme 4.1.

[Iycte M, M € BP*® — marpuna 6e3 HyJIEBBIX CTOJIOIOB.
Conocrasum i-ii crpoke, i € [1,p], marpurnsr M BIT y;, a kax-
jgomy Habopy [, [ € BP, 3nadenHuil 3Tux HEepPeMEHHBIX Y =
(Y1,---,Yp), — MHOXKECTBO CTPOK Marpunbl M ¢ HOMepaMu u3
muoxecrsa I = I(B) C [1,p], tae i € I () Torna u TOIBKO
torya, korya [ (i) = 1. Pacemorpum @AJT F (y), 1agist KoTopoit
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F(8) = 1 Torma u TOJIBKO TOrJA, KOIJIA CHCTEMa CTPOK MaT-
punbt M ¢ nomepamu u3 I () obpasyer ee mokpeitue, u Gyjaem
nazpiBaTh 91y PAJL ynryued noxpomua marpumsr M. Same-
M, 110 PAJI mokpsrtus F (y) sBisiercss monorornoit PAJI, a
ee «HUYKHUE eJIMHUIBI» COOTBETCTBYIOT TYIUKOBBIM TOKPBITHASIM
MaTpuisl M. deiicrsuTesnbHo, u3 HepaseHcTsa 3 < 3" BeITeKa-
er, uro I (B') C I(5") n noromy F (") < F(B"), To ects ®AJI
F aBnsierca monoronnoii. 13 ompenesnennii ciiegyer TakKe, ITO
nabop 8, B € BP, apnsiomuiica «uuzkueit equauieii> GAJI F,
coorBercTByeT MHOXKeCTBY I (), KOTOpOE 3a/1aeT TYIIMKOBOE 110~
kpbiTHe MaTpurbl M, u obparno. Takum o6pazoM, B CUTY JIeM-
MBI 0.1, KakJjast IpocTasi IMIUIMKaHTa BUa K = Y, Yis -+ Yi,.,
e 1 < i < -+ <ip < p, DAJI mokpsitus F (y) coorBercTBy-
€T TYIIUKOBOMY TIOKPBITHIO MATPUIIBI M, COCTOSIIEMY U3 CTPOK
¢ HoMepamu u3 muoxkecrsa I = {iy,...,i,}, u obparHo.

JIemma 5.2. Qynryua nokpomua F (y1, ..., yp) mampuyor M, M
BP5 | 6es nyaesvix cmoabuyos sadaemcs KHD suda:

F(yi,.. yp) = /\(\/ ) (5.1)

=1 1<i<p
M (i,j)=1

Jlokasamenvemeo. st kazxkzoro j, j € [1, s], mosoxum

Jiw= "\

1<i<p
M (ij)=1

rae y = (y1,...,Yp). Jlerko Bugers, uro J; (B) = 1 aus upo-
n3BOJIbHOTO Habopa (B, f € BP, Torga m TOJBKO TOTJA, KOIJa
MHOYKECTBO CTPOK ¢ HOMepamu u3 [ (3) mOKpbIBaeT j-it cTosberr
marpunsl M, j € [1,s]. Orcioga caeayer, uro KH® B upa-
Boit wactu (5.1) obpamaercs B 1 na Habope  Torja M TOJBKO
TOIJIA, KOTJla MHOXKECTBO CTPOK ¢ HoMepamu u3 I(f) obpasyer
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MMOKpPBITHE MaTpuilbl M, TO ecThb TOT/Ia U TOJILKO TOTJa, KOT/a
F(8)=1.

JlemMma JoKazaHa. ]

CaencrBue. B pesyavmame packpoimus cxobox u npusede-
Hus nodoorvir us KH® (5.1) M0HCHO NOAYHUMD CORPAULEHHYIO
JIH® DAJI F (y), npocmoie uMnAuKaHmb, Komopot 63aUuUMHO
00HO3HAYHO COOMBEMCMBYIOM, MYNUKOGHIM NOKPLIMUAM M-
puyve M.

Bajaua nocrpoenus Beex TynukoBbix JJTHO OAJL f uz Py (n)
Ha ocHOBe ee cokpamrerHoil JTH® cBoauTcst K paccMOTpeHHOM
BBIITIE 38J1a9€e O MMOKPBITUHU, €CJTU B KadecTBe MHOKeCTBA N B3SATH
MHOX)KecTBO Ny, a B KauecTse ero IoKpbITus 1 — cucreMy Beex
MakcuMaJbHBIX Tpameit PAJI f. Marpuma M, cooTBeTCTBYIO-
mast ykazanuoit nape (N, M), nassiBaercs, 00bIYHO, MabAuYET
Ksatna ®AJIL f. Bamernm, 9o si1poBoii crosberr (cTpoka) Tab-
bl Ksaitaa cBsizan ¢ siipoBOii TOYKOMH (COOTBETCTBEHHO I'Da-
ubio) PAJI f, aro perymsipublii crosbery (CTpoKa) 3Toii Tabiu-
1Bl 33JI4€T PETYJISPHYIO TOUKY (cooTBeTcTBeHHO rpanb) PAJI f
ITO CTPOKA, MOKPBIBAEMasT SIIPOBLIMU CTPOKAMH, COOTBETCTBY-
€T I'paHd, MOKPHIBAEMOIl SJIpDOM U T. II.

Pacemorpum, jiytst mpuMepa, 3a71a9y TTOCTPOEHUST BCEX TYIIHU-
koBbIX JTH® st PAJT g (21,2, x3) u3 ee cokpamniennoi JTHD,
nostarasi (em. puc. 2.1a, (2.10), (4.1) u (4.2)), aro

N, = {a1 = (100), az = (110), a3 = (010),
ay = (011), a5 = (001), g = (101)},
N ={Ny, ..., Ng},

rie N; = Ng, = {aj, 41} s Beex 4, i € [1,6], npudem
ar = a1 = (100). ITape (Ng,9) ykazaHHBIM BBIIIE CIIOCOOOM
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cortoctasuM Tabsmiy Ksaitna

O == O OO
-0 O O O

_ o O O O
OO OO = =
OO O == O
OO~ = OO

DAJI nokperrust KoTopoit B coorsercrsuu ¢ (5.1) 3amaercs cie-
nytorieit KH® or nepemennsix y = (y1,. .., Y6):

F(y)=(ys Vyr) (1 Vy2)W2Vys) Yz Vys) (ysVys) (ys V ys) -

PackpriBasg B sroit KH® ckobku um mpuBois MOg00HBIE, TOJTY-
anM cokparnenuyio JJH® OAJI F (y) suna

F(y) = 1193Y5 V Y2yays V y1y2y4ys V Y2y3ys5Ye V Y1Y3Y4Ys,

cJjlaraeMble KOTOPOH B3aUMHO OJHO3HAYHO COOTBETCTBYIOT TY-
mkoBbiM JTH® AT g (em. (4.1), (4.2)).

B obmem ciygae npu nocrpoennn BcexX TynukoBbix JIH®
DAJI f, f € P2 (n), c noMOIIBIO JIeMMBID.2 HA OCHOBE €€ COKPa~
mennoit JTH® wucrmonb3yioT, 0OBIYHO, CIEIYIONIYI0 MOAN(UKA-
IIMIO PACCMOTPEHHOIO BBIIIIE TI0J1X0/1a, KOTOPas MO3BOJISIET YMEHb-
math pasmepbl Marpunbl M. ITycte Ng,, ..., Nk, — Bce Mak-
cumasbible rpanu PAJI f, npuiem rpanu Ng, ..., Nk,, rie
1 < p <t < g, gapngioTea 4apoBbiMu, a rpann Nk, ...

.., Nk, — perynapubivu rpanaymu OAJT f, u nmycrs MHOXKe-
ctBo N COCTONT U3 Beex SITPOBBIX U pery/sipHbix Touek DAJI

f. Tlomoxum
N=NA\N, N={Np,...,Np},

rae N; = Nk, \ N upu Beex i, i € [1,p], n 3amernm, 4ro 3a1a-
4qa mocTpoenusi Bcex Tynukopeix JJHO PAJI f skeubasienTHA
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3ajlade BBIJIEJIEHAS BCEX TYNMHUKOBBIX TOJIOKPBITUN U3 MOKPbI-
tust M muokectBa N. JleiicTBUTe/IBHO, €cjid CHCTEMa ITOIMHO-

xecTB Nip, ..., Ny, tme 1 < 4p < -+ < 4, < p, ABJISIETCS TY-
[IMKOBBIM TOKPBITHEM MHO2KecTBa N, TO cHCTeMa MaKCHMAaJIb-
HBIX T'paHeil NKi1 oo s Ni; s Nk, -, Nk, 3a1aeT TyIImKoBoe

IOKpBITHE MHOXkKecTBa Ny, TO €CTh COOTBETCTBYET TYIMKOBOI
JH® ®AJI f, u obparso.

Tak, npumenss ykazannyio Momudukanmio Kk PAJI ¢ uz
P, (4), nokazannoii Ha puc. 3.1 (cm. Takxke (3.1) u (4.3)), mory-
YUM TPHUBHAJIBHYIO 33Ja9y O HOKPBITHM MHOXKecTBa N =
= {(1000)} nByM™Ms coOBHAJAIOIMMME C HUM MOJMHO)KecTBaMu N

n Ng.

§6 TI'pagmeHTHBI aJATOPUTM M OIlEHKA JJIMHBI I'pa-
AneHTHOTro mokpbiTusi. Mlciosib3oBanue rpain-
€HTHOro ajroputMa aJjs nocrpoenus /JTH®D

Boijiesienne BceX TYNHUKOBBIX MOJIIOKPBITANR U3 338JAHHOTO I10-
KPBITUS U, B YACTHOCTHU, MOCTpoeHme Bcex TynukoBbix JIHD
SIBJIAETCS TPYJ0EMKOI 3ajiavdeil. B ¢BsA3m ¢ 9TMM, BMECTO TO-
ro, urobbl crpouth Bce TynukoBbie JIH® u Buibupars cpemu
HUX, HAIIPUMED, KPaTYailIyio, YaCTO UCIOJIL3YIOT IBPUCTUYE-
CKU€ aJIrOPUTMBbI, MO3BOJISIONINE ITOJyYATh HE OYEHDL «JJTNH-
oeie» JTH®. K gunciay Takux ajropuTMOB OTHOCHTCH U TPaId-
€HTHBIN aJrOPUTM, ODUEHTUPOBAHHBIN HA BbIJEJICHUE U3 3a/aH-
HOTO TOKPBITHS JOCTATOYHO «KOPOTKHUX» MHOJIOKPBITUHI, WJIH,
MHade, Ha MOCTPOEHHE JOCTATOYHO «KOPOTKHUX» MOKPBITHI JIJIst
zajannoi marpurbl. Ha kak1oM 1mrare rpaneHTHOTO aJropuT-
Ma B MaTpPHIE BbIOMPAETCS U BKJIOYAETCs B MOKDPBITHE TaKas
CTPOKa, KOTOPasl IIOKPBIBACT HAMOOIbIIIEE YUCJIO EIle HE ITOKPbI-
TBIX CTOJIONOB (€C/IM TAKMX CTPOK HECKOJBKO, M3 HUX BBIOMpA-
eTCsl CTPOKA C HAMMEHBIIUM HOMEPOM ). AJITOPUTM 3aKAHUUBAET
CBOIO PabOTY TIOCJIE TOTO IIara, Ha KOTOPOM ITOJIY YHJI0CH TOKPbI-
THE.
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Crenyromiee yTBEpPXKEHNE JAeT BEPXHIOK OIEHKY JIJIUHBI
MOKPBITHS, HOJIYy4aeMOr'0 C IOMOIIBIO I'PAJUEHTHOIO AJI'OPUT-
Ma JIJId MaTpUIL C 38JJaHHOU «I'yCTOTOMR».

Teopema 6.1 ([6]). [Tycmo das deticmeumenvrozoy, 0<y<1,
6 waotcdom cmoabue mampuuysv, M, M € BP® umeemcsa ne
MeEHBUWE, YeM Y- D, edunul. Tozda noxpvmue mampuus, M, no-

AYHGEMOE C NOMOUDBIO 2PAOUEHIMHO20 AA2OPUMMA, UMEEM, ONU-
ny ne boavuie, wem' H In* ('ys)-‘ + %

Zoxazameavcmeo. IlycTh 1jisi TOCTpOEHUsT TTOKPBITUS MaTpPH-
bl M ¢ MOMOIIBIO I'PAJIMEHTHOrO aJrOPpUTMa HOTPEeOOBAJIOCH
cJleJIaTh ¢ 1IAroB, IPUYeM Ha Iare ¢ HomepoM t, t € [1, q], 6bI-
Jia, BBIOpaHa CTpoKa ¢ HomepoM i¢. st kaxmoro ¢, t € [1,q),
paccmoTpuM Marpuily My, KoTopast oyvaeTcsa u3 MaTpuitbl M
B pe3yJIbTare yIAJeHUsT CTPOK C HOMEPAMU {41, ..., 1t }, & TAKKe
TOKPBIBAEMBIX MU CTOJIOTOB, U KOTOPAast ITPUHAJIEXKUT MHOXKE-
crBy BPYSt rne pr = p—tu sp = s-0¢, 0 < & < 1. st ompeie-
JIeHHOCTH OyzeM cunTarh, 1o My = M, pg =p, so =8, dg =1
U pg =p—(q, Sq = 0q = 0. 3amernn, 4ro upu mobom ¢, t € [0, g,
CIIPABEJJTUBO HEPABEHCTBO

q<t+9;-s, (6.1)

TaK Kak I10CJIe BBIIOJIHEHNUS IEPBBIX ¢ MAroB ajropuTMa OCTa-
I0TCsT He TIOKPBITBIME 0 - § CTOJIOIOB MaTpuIibl M, a Ha KaxK10M
CJICIYIONIEM IIIare MOKPBIBACTCS HE MEHEE OJJHOTO CTOJIOIA.
Bamernm, Jlajee, 9To B KazK[oM croJibre marpuist My, t € [0, )

UMeeTCsl He MeHee, YeM 7 - P, eJIMHUI] U II09TOMY 00Iee duciio
exunul] B MaTpuiie M; He MeHbIIe, YeM Ypsd;, a 3HAUUT CPEJi-
Hee YHCJIO €JINHUIL B ee CTPOKaX He MeHbIle, ueM ysd:. Orcrona
BBITEKAET, YTO CTPOKa MarTpuilsl M ¢ HOMEPOM iy1, KOTOpasi
BeiOupaercst Ha (¢ + 1)-M miare ajropurma u sIBJISIETCST CTPO-
KOit MaTpuisl M; ¢ HanbOIbIIUM YHUCIOM €JIIHUIL, COJICPIKUT HEe

Monaraem, uto Intz =Inz,ecm z > 1, ulnT 2 =0, ecim 0 < z < 1.
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MEHBIIIE, UeM 7YS0¢, eJIMHII], TO €CTh IOKPbIBAET HE MEHBIIE, YeM
Y80, elle He MOKPLITBIX cTosbnos Marpuisl M. Takum obpa-
30M, Ji1s1 Jiroboro ¢, t € [0, q), BBIIOJHAIOTCS COOTHOIIEHMSI

S0t41 = Se+1 < 8¢ — Y0 = 80 (1 — ),
U3 KOTOPLIX, C y4eToM 0g = 1, cieayer, 4To
o < (1—7) e (6.2)

upu jiobouM t, t € [0, q).
Buibupas 3HadeHne napaMeTpa t Tak, 9To

1
t=|- 1n+ (’YS)—‘ )
’7’7
noJcrasisist ero B (6.2) u yunreiBas (6.2), mosyanm

1 1 1
0< [ In* <vs>] Fsoe 9 ¢ [ In* wsﬂ oL
v v v

Teopema mokazana. ]

B kauecTBe npuMepa npUMeHeHHsl IPaJIMeHTHOIO aIropuTMa,
PACCMOTPHUM 33J1a9y O «IIPOTHIKAHUM» TpaHeil Kyba ero Touka-
MU. 3ajada O <«IIPOTHIKAHUH» CHCTeMbI I, cOCTosIIel U3 Mmojl-
muozkects N1, Na, ..., N, muoxecrsa N = {ai,...,a}, 3a-
KJIIOYAeTCA B HAXOXKJCHUHM TAKOTO MOJAMHOYXKECTBA MHOMKECTBA
N, B KOoTOpOM TIpH JITOOOM 4, i € [1,p|, uMeeTcst xoTst ObI OJMH
ssrement n3 N;. DTa 3a/a49a CBOAMTCA K 3aJa9€ O BbIJICJCHUU
HOJIIIOKPBITHS U3 MOKPBITUST OTPe3Ka [1, p| ero mojMHo)KecTBa-
mu Iy, ..., I, tme I; = {j: o; € Nj} upm Becex ¢, i € [1,s].
BameTHM, 4TO MaTPUIA OCTPOEHHO TaKUM 00Pa30M CHCTEMbI
HOJIMHOYKECTB OTpe3Ka [1, p| mosydaercst u3 MaTPUIIBI CUCTEMBL
(N, M) B pesyabrare TPAHCIOHUPOBAHMUSI.
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JIemma 6.1 (|19]). IIpu aobvixz namypasvrux num, m < n,
6 kybe B™ scezda natidemcesa nodmmoocecmeo mowsnocmu, we 60-
aee, uem n - 2™, npomuikaowee 6ce epant paraa m.

Zloxazamenvcmeo. Ilpumensisi yKa3aHHBIN BBIIIE MTOIXOJ, pac-
cMOTpUM MHOXKecTBO N, COCTosiIiee U3 BCeX IpaHeil paHra m
KyGa B", IN| = (') - 2™, a taxxe cucremy N = {No},cpn €ro
noAMHOXKecTB, rae N, — MHOXKecTBO Tex rpaneil u3 N, kKoro-
pble IPOXOIAT 4depe3 TOYKY . OUeBHIHO, U4TO KayKasl I'DaHb
u3 N cogepxkurcs B Tex 2™ ™ moaMmuoxkecTBax Ny, JJIsI KOTO-
PBIX TOYKa (v IPUHAIIEKUT 3Toi rpanu. CiegoBaTeIbHO, MaT-
puria M, cesasannast ¢ napoit (N,I), cocrour uz p = 2" crpok
us= (:}1) - 2™ cTOJIONOB, B KAXKJI0M M3 KOTOPBIX UMEETCS P - 7Y,
rae v = 27, equnni. VckoMoe MHOXKECTBO HAOOPOB IIOJIYda-
eTcsl B pe3yibTare mpuMeHeHus: K marpurie M teopeMmsr 6.1 u
IIOCTPOCHU IIOKPBITUA JIJIMHBI ¢, T'1e

ocfre ()] < ()] =

<2M(n—1)+2"=n-2™M

JlemMma J10Ka3aHa. ]

§7 3amaya muaumvmuzanuu JJH®. IloBenenune pyHK-
muii [TleHHOHA M ONEHKM TUMUYHBIX 3HAYECHUH
nJist panra u ganabsl JIH®

Kak yxe ormeuasoch, JTH® mnpesmcrasiisier coboii ymoOHYO U
HAIVISIIHYIO (C «PeoMeTpUYecKoii» Touku 3peHus) dhopmy 3a-
qmarnst AJI. C apyroit croponsr, JITH® moxuO paccmaTpuBaTh
KaK [IPOCTEHIIYI0 MOJIEJIb, IIPEeIHA3HAYEHHY O JIJIsT CTPYKTYPHOIT
peammzannn PAJI (em. 1. 3).3amernm, 9T0 pas3indHbIe Tapa-
merpbl JTH® (panr, jymHa u T. 11) XapaKTepU3yIOT Pa3/IuIHbIe
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«MepBI» CJIOYKHOCTH YKA3aHHOTO MIPEJICTABIEHNUS] UJIH CTPYKTYP-
HOIl peasym3aruu. B ¢Bs3u ¢ 9TUM 9acTO BO3HUKAET HEOOXOIN-
MOCTBH IIOCTPOCHUS ONTUMAJIBHON B TOM mjiu wHOM cMbicyie JIHD
s 3agannoit @PAJI, To ecTb HEOOXOAMMOCTH PEIIEHUs] COOT-
BETCTBYIOIIEH 38184 Murumudauuy JHD, KoTopast sBIsSeTCs
YACTHBIM CJIy9aeM 3aJa9i CHHTE3a YIPABJISIONINX CUCTEM (CM.
. 3).

B obmem Bume 3amada munnmuzanuun JIHD moxker OBITH
chopmynupoBana ciemyionuM obpazom. Ilycrs i Kaxmoit
JH® A omnpenenena ee «cyioxuoctb» 1 (A), ¥ (A) > 0, ps
koropoit 1 (A') = 1 (A”), ecom JTH® A" nonyuaercsa nz JTHD
A" ynanennem 6yks mm DK. B srom ciyuae Gymem roBopurh,
uro Ha MHOXKecTBe JJHD 3a/1aH HEOTpUIIATEILHBIA PYHKUUOHAA
caoocHocmu 1, 06JIAIAIONTNI CBORCTBOM MOHOomMonHocmu. 11pn-
MepaMu TakuxX (DYHKIUOHAJOB MOTYT CJIYXKUTh JymHa A (),
paur R (1) wm «dopmynbrasiy» caoxnocts L (A) JHD 2, a
Tak:Kke 4ncyo BxoxkaeHuit BII ¢ orpumanusayu u gpyrue napa-
merpsl JTHO. 3amada murumuzanun JJHD orHOCHTEIBHO (DYHK-
[IMOHAJIA CJIOYKHOCTU 1) COCTOUT B TOM, YTOOLI II0 3aIaHHOIT
QAJI f mocrpouts peanusymouryio ee JTHD 2 rakyro, aro

¥ (%) = mine (A')

rae MuauMyM 6epercsa o Beem JJTH® 2| peanuzyronmam AT f.
ITpu srom JIH® A cumraercas MunumMasvoHol 0MHOCUMEALHO
dynryuonana 1, wim, uHade, Y-murumasvrot JTHD, a 3Ha-
genue 1 (A) HasbBaercs caoorcrocmovio PAJI f ommocumenvro
Pynryuoraia P, WIn, mHade, -ciooicrocmuio PAJI f B Kacce
JIH®. B coorBeTcTBUM C BBEJACHHLIMU PaHEE OIPE/IC/IEHUSIMU,
A-muanMaIbHy0 JH®, To ects JTH® MuaMAIBHYIO 110 JJINHE,
OymeM Ha3bIBaThH KpaTdaiiiieit, a R-munumanbayio JTHD, To
ectb JIHO MuHMMAIBHYIO IO PAHTY, — IPOCTO MUHUMAJILHOM.
DyHKITIIO

¢ (n) = max ¢ (f),

f€P2(n)
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KOTODas XapaKTePU3yeT MAaKCHMAJILHOE 3HAUCHUE 1)-CII0KHOCTI
DAJI uz P, (n), HassBaioT, 06b19HO, dyrkyuet [lennona mst
knacca JIH® orHOCHTEIBHO (DYHKITMOHATA, 1.

YcranosuM nosesenne dyuxiwit Hlennona A(n) u R(n) s
Jumnbl 1 parra JJTH® OAJI uz Pa(n) cooTBETCTBEHHO.

Jlemma 7.1. Jas mobozo n,n € N, umerom mecmo coommowe-
HUA

An)=2""1 R(n)=n-2""1 (7.1)
Jlokasamenvemeo. Huzkuue onenku (7.1) ciesyror u3 Toro,4ro
Alp) = 2"t u R(l,) = n- 2" !, Tak kax emncreennoi JJH®
smHeiHo PAJL I, = 21 ® -+ D T, SIBIAETCA €€ COBEpPIIEH-
nast JTH®. s nomydenust tpebyembix B (7.1) BEpXHIX OIEHOK
BosbMeM 1pousBosbHyo PAJT f uz Pa(n) u, B coorBercTBUU C

(2.5), paznoxum ee mo BII xg, ..., z, cremgyonmm obpa3om:
fxy,. .. zn) = \/ 29?2 afr - f (w1,0") (7.2)
0'=(02,..,0n)

Jlerko BuzeTh, ITO 1MOCTIE 3aMeHbI B paziozkennn (7.2) Kayk1oi
DA f (x1,0") pasuoii eit DAJI uz muoxkecrsa {0, 1, x1, T1} u
npuBeenusa HoJ00HbIX Mbl noayaum JH® 2, nmuner ne 60.1b-

2n—1

1Ie, 4eM , 9TO JIOKa3bIBaeT BepxHUeE OreHKN B (7.1).

JlemMa. JIoKa3aHa. ]

[Ipu nsyvenunnm Toro mau naoro cesa3anuoro ¢ JJHD dymk-
[IMOHAJIA 1) HAPSy C €ro MAaKCUMAaJIbHBIM 3HAYEHHEM, TO €CTh
dbyuxkipeit Hennona 1) (n), npejcrapisieT UHTEPEC COOTBETCTBY-
o1t 0Tpe3oK "TunuuHbIX"  3HAYEHUI, TO ecTh 0Tpe3oK [ (n), ¥
B KOTODBIii nonajiaor 3Hadenus 1 (f) mis mouru Becex GAJT f
u3 P» (n). Ecim upu srom rpanunst ¥’ (n) u " (n), tne n =
1,2,..., aCUMITOTUYECKU DABHBI 1) (M), TO TOBOPST, YTO JJIs
mapamerpa 1 umeeT mecto agipexm I[lennona. Boiscaum HeKO-
Topble ocoberrocTr crpoerus JTHD y mouru Bcex PAJI u ycra-
HOBHMM, B YacTHOCTH, orcyTcrBue 3ddekra [llemnona s ma-
pamerpoB A u R - mymasr u panra JJH® coorBeTcTBeHHO.
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BBejieM JIUCKPETHYI0 BEKTOPHYIO C/Iydaiinyio Besmuanny &) =
(55, e ’51)7 COCTOAIYIO U3 2" HE3aBUCUMbBIX CJIyYailHbIX BeJIU-
quH &,, a € B", npunnmaromux 3uadenus 0 u 1 ¢ BeposTHO-
CTBIO % [Tpu sToM, oueBuIHO, st JI00OTO v, v € B™, BBIMOJI-
HSIOTCSl PABEHCTBA

1 1
B, = =, Déy = -, :
fa =3 o= 7 (7.3)

rne Ef u DO - maremaTrndeckKoe OKUIaHUE U JUCIIEPCUS CJIY-
JaiHoi BesmauHbl 6 (CM., Hapumep, [25]).

Byaem cuaurars, uro jobas PAJT f us Py (n) saBisercs: pe-
asm3arpeil Beamanusl £, mpu Kotopoit £, = f () mis moboro
@, a € B™, i 94T0 BEPOSTHOCTD TAKOIl peasn3aIuy paBHa 272
Orcroma caemyer, ato st goboro muOXKecTBa Q, Q C Py (n),
ornomrenme |Q| /22" To ectn mons Tex ®AJI f uz Py (n), KoTo-
pble npuHaIekar Q, paBHAa BEPOATHOCTH TOTO, 9TO PEAIN3a-
st CaydaitHoil Bemnuuubl & npuHa IexRuT Q.

U3 nesaBucnmocTy ciryvaiiHbIx Bennyand &, « € B™, BbiTe-
Kaer, 4To jyls ux cyMMmbl £ = £ KoTopas paBHa MOLIHOCTH
muozkectsa Ny aig PAJI f, apnaiomeiicsa peannzaryeii ey aii-
HO# BeJIMIUHBI (n) = &, B cuity (7.3) cupaBeyiiBbl DABEHCTBA
(cm., Hanpumep, [4])

E¢™ = on~1) DEM =22, (7.4)
[Tonaras

t= [nQﬂ I=(2""1—t2"1 +¢)

W IpUMeHsIs K CIlyqaiiHol Besmdune & ¢ yueToM (7.4) nepanen-
crBo Hebbrmena [4], mosywamnMm, aro BepositHOCTE coObITHS & & I
to ecTb sonist Tex PAJL f us Ps (n), mst koropsix |Ny| ¢ I, He
OoJIbIINe, YeM
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U, CJIeJIOBATEIbHO, cTpeMutTces K 0 Ipu n crpemsiieMcst K Oec-
KOHEYHOCTU. DTO O3HAYAET, B YACTHOCTH, UTO JJIsl IIOYTH BCEX
DAJT f u3z P» (n), BBIIOJIHEHO PABEHCTBO

INy| = 2n~! (1 +0 <n : 2*"/2)) (7.5)

10 ecTb ayinHa cosepinentoii JIH®D y nouru seex PAJI uz Ps (n)
ACHMIITOTHYIECKH paBHa 27 1.

JIemma 7.2. Jlas nowmu ecex QAJL f, f € Po(n), svinoams-
10MCA HEPAGEeHCMEa

Af) < 22”*1 (1 +0 (n : 2*"/2)> , (7.6)
Af) < Zn Lgn- (1 +0 (n : 2*”/2)> , (7.7)

Jlokasamenvemeo. Ilycrs AL f, f € Pay(n), siBisiercst peasin-
sanpeil ciydaiiHoil BesuunHbl €. st kaxkmoro Habopa 3, 8 €
B"~1, paccmorpun ciiyvaiiHyio BeJIMUHHY ng = 550”3) V §(1,8)-
BameTnM, UTO CIydaiinble BeJUdnHel g, B € B, nesasucn-
MBI, 8 MaTeMaTUYeCKoe OXKWJIaHUe U JUCIIEPCHs JI0O0H N3 HUX
PaBHBI % u 13—6 COOTBETCTBEHHO. 3aMETHUM TaK>Ke, YTO PABEHCTBO
13 = 1 BBINOJIHSETCS TOIJA U TOJILKO Torja, Korjga B JH® Ay,
ocTpoenHoit 1o jemme 7.1 miist DAJIL f, Bxogur ciaraemoe, co-
oTBeTcTBYIoIIee Habopy (. 13 HesaBuCHMMOCTH CIydaliHLIX Be-
mwaun g, B € B"L, cuenyer, uro ais ux cymMmbl ) = 77
BBIIIOJIHSIOTCS COOTHOIIEHMSI
3

~(n 3 n— ~(n n—
E7l >212 LR 171 >:E2 L (7.8)

ITonaraa

. 3 3
t:[ -2*], Y D B U
n-22 <4 1 +
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U IpOBOJIsI Ha OCHOBe (7.8) paccy»K/IeHUsI aHAJIOIUIHBIE TeM, C
HOMOIIBIO KOTOPBIX U3 cooTHOIIEHNH (7.4) BBIBOAMIOCH DABEH-
ctBo (7.5), nosyum, uto A(y) € Iy ne menee, uem 2% (1 — )
QAJI f uz Py(n). Dro oznagaer, uro st nouru Beex PAJT f
f € Py(n), pyuna u panr eé JJH® 2, nocrpoennoii B coorser-
crBHU ¢ JemMoit 7.1, ynosrersBopser (7.6), (7.7).

JlemMma J10Ka3aHa. OJ

§8 AujropurMmueckue TPYJIHOCTU MUHUMUIAIUU
JIH® u onieHK1 MaKCUMAaJIbHbIX 3HAUYE€HUI HEKO-
TOPBIX CBSI3aHHBIX ¢ Heil napameTpoB. Teopema
1O. . 2KypaBiaeBa o JITH® cymma MuHUMAJIb-
HBIX

Pemenne zamad munnvusanun JIH® nua sagannoit PAJI xa-
paKTepU3yeTcs pasindHbLIMU IapamerpaMu 31oii PAJI u, B
IIEPBYIO OY€PE/Ib, 3HAUCHUSIMU UCCIEyeMbIX (DYHKIINOHAJIOB €€
cioxkuaoctu (cM. §7). Kpome T0oro, Kak 0TMEYaIoCh BBIIIE, PsiJl
napamerpos (nHa cokparientoit JJH®, ancio TynuKoBeIX nim
muHuMasbHbIX JTH® 1 j1p.) XapakrepusyoT TPyJI0eMKOCTD 3a-
maun munnMuzannu JIH® nius pacemarpusaemoit ®AJL. B cBs-
31 C 3TUM IIPEICTaB/IsIeT UHTEepeC HoBejeHue npu n = 1,2, ...,
MaKCUMaJIBHOI'O 3HAYEHU A TOI'O NJIX THOI'O HOJIO6HOI‘O ITapamMeT-

pa ¢ qs QAJL uz Pa(n):

p(n) = max P(f),

fE€P2(n)

KOTOPOE,KaK U B cIydae (PyHKIIMOHAIOB CJIOKHOCTH, Ha3bIBAIOT,
obbrano, pyuxnueit [Ilennona st mapamerpa v B kitacce JIHD.

Bynem obozmnadars 3nadenune dyuknuu [lennona mis mapa-
METpPOB, PaBHBIX 4nCay' TynukoBbix JH®, umciy MEHEMAIb-

1Bce TH® paccMaTpuBaioTCcs ¢ TOYHOCTHIO 10 TepecTanoBKi DK 1 6yks
B HUX.
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ubix JTH® u jymune cokpamniennoit JTH® y OAJI uz Py(n), yepes
7(n), 1t (n) 1 Acokp.(N) COOTBETCTBEHHO.

W3 monoronnoctu dbyHkimonama ¢ ajias ciaoxkuoctu JJHD
(cm. §7) careyer, uro -muanManbayio JTH® Becerma MOKHO BbI-
6paThb cpenu TynukoBbix JIHD, anropuTM mocTpoennst KOTOPBIX
onucan B §6. O1HaKo, KaK MOKa3BIBAET CJIEIYIONIEE YTBEPIK Ie-
uue, OAJI MOryT MMeTh OYE€Hb MHOI'O PA3JIMIHBIX TYITHKOBBIX
JH®, u gaxxe uunciao pazanaabix MuHuMaabHbX JIHO y mHux
MOXKET OBITH OYEHb BEJIMKO.

JIlemma 8.1. Hucao mynukosvix (murnumarvror) THDO y PAJT
fus Pa(n), n>4, euda

f($17 o 7xn) = g(fxl,wQ,ng) . (1’4 @ --- 69‘,1’.71)7
2de N, = {(000), (111)}, pasno 521 (coomeemcmeenio 22”_4),

Joxasameavcmeo. W3 ceoiicrs smneitnoit ®AJI u csoiicrs OAJI
g BbITekaet, uro (cm. §1 u §4) srobast npocrast umILInKanTa K
DAJI f umeer BUT

K = K; (x1, 22, x3) -xf“ . -xﬁ",
e K;, i =1,...,6, — upocrasg nmmankanta PAJT g (cm. puc.
22au (2.10)) u B4 B - -+ ® By, = 1. Takum obpa3om, COKpaIleH-
Hast JJTH® DAJI f ¢ «<reoMeTpudeckoil» TOUKH 3PEHUS] COCTOUT
u3 24 HuKsIoB JMHEL 6 (cm. §4). CieoBaresibHO, Jr0bast Ty-
nukoBas (MuHnMasbHas) JTHD OAJI f sritouaer B cebst 01HO
U3 AT (COOTBETCTBEHHO JIBYX) PEOGEPHBIX MOKPBITHIl, CBS3aH-
HBIX C TYIHUKOBBIMU (COOTBETCTBEHHO MuUHMMAasbHbIMHU) JTHD
DAJI g, npusenennbivMu B (4.1)—(4.2) (coorsercrsenno (4.1)),
JUIs Kazk1oro u3 274 ykazanHbIx muk/aos. 11oaToMy 4mcso Ty-
muKoBbIX (MuHEMatbabx) JJHO OAJI f pasno 52" (coorser-
creenno 22" 7).
JlemMa J10Ka3aHa. ]
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CaencrBue.

2n74 2n74

T(n) 25 (n) =2

BaxkupiM mapamMeTpoM, BAUSIONINM Ha, pasMep Tabauibl Ksaii-
Ha U, CJIeJIOBATEJIbHO, Ha TPYJIOEMKOCTD 3a/1a9i MUHUMU3AIUH,
siBIsieTcss aanHa cokparmensoit JH®. YceramoBuMm HeKoTOpBIE
HUKHEE oneHKN jyinHbl cokpariennoit JTHD y OAJI or n BII,
MMOKA3BIBAOIINE, B YACTHOCTH, UTO JJIMHA cokparrenHoit JITHD
MOKeT OBITH CYIIEeCTBEHHO 6O0JIblle JIMHBI coBepinerHoit JITHD
roii ke DAJI.

Hnst I C [0,n] wepes sk (z1,...,2,) obosmaumm PAJT u3
P, (n), xoropas siBiisiercst xapakrepucrudeckoit @AJI obbeu-
HeHHMsA Bcex cjioeB Kyba B" ¢ nomepamu u3 I. Ilpu sTom umc-
na w3 I cunratorest pabowumu wucaamu PAJL sk . Bamernm, uro
OAJI sl apnstercs cummempuueckot, To ecth He H3MEHAET CBOE
3HaUeHne Ipu JiIo0oI MepecTaHOBKEe apryMEHTOB, U HA000POT,
Jobast cuMMeTrpudecKas (PYHKIUsT aaredpbl JJOTUKH COBIIAIA~
er ¢ onnoit w3 PAJT Bua sl. Bamernm TaxxKe, UTO OTIMIHAS
oT KOoHCTaHThI cumMeTpudeckast DA JI siBjsteTcst cyIecTBeHHO
OAJI Jlerko Buzerhb, 9T0 pabOINMU YUCTAMU CUMMETPHIECKIX
DAJI ¢, u ¥, SIBIAIOTCS BCE HEUETHBIE I BCE UETHBIE HHCIIA OT-
pe3ka [0, n] coorBercTBEHHO.

Cummerpudeckas OAJI Ha3BIBAETCS N0ACK060T, €CIU €€ pa-

boune gucsa oopas3yloT oTpe3ok. Ilosgckosoit @AJ] ABJIAETCA, B
)
[2,3]

gacraoctu, PAJI ronocosanus H (r1,22,23) = s3 ', a Tak-
1,2
xe OAJI g = sg ], rokasaHHas Ha puc. 2.2a. Jlerko BUeTh,
. r,
uro cokparnennas JH® nosickosoit GAJI 57[1 ?l (x1,...,2pn), T1E

0 < r < p < n, cocrour u3 Beex DK panra (n +r — p), Koro-
peie copepxkar r BIl u (n — p) orpunanuit BII, To ects nmeer
BU/I

st’p] (T1,...,2p) = \/ x?ll e x?::::pp. (8.1)

1<11 <"'<in+rfp<n
0'1+"'+0'n+7‘7p:7"
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U3 (8.1) caenyer, aro jgymua cokpamnienuoi JTHO OAJI s,[: -l

pasua (") - ("?), n mosromy npu r =n —p = [%] ona B coor-
n
sercTBin ¢ opmysoii Crupsmara (1.3) He Menble, uem e12-,
rje e; — HeKoTopas KoHcTaHTa. TakKuM 00pa3oM, JOKa3aHo CJie-
JIYIOIIEe yTBEPIK ICHHE:
JlemmMma 8.2.
3n
Acmcp. (n) = 61;7

2de €1 — Hexomopas KOHCIMaHmMaA.

Paccmorpennbie nmpuMepbl MOKa3bIBAIOT, 9TO C AJITOPUTMU-
Jeckoil Toukm 3peHus 3asada MuauMusanuun JIHO sapisiercs
OYEeHb TPYI0EMKOI 3a1a4eil. B Teopun C/102KHOCTU BBIYUC/ICHUI,
rJIe TPYJIOEMKOCTDb aJIlOPUTMAa OIPEIe/IsAeTCsi, OOBITHO, YUCIOM
OUTOBBIX OllepaIuii, HeOOXOMMBIX JIJIsl €70 BBITIOJIHEHUSI B «XY/I-
meM» cjiydae, BBIJIEJIEH IEeJbIil KJiacCc Tak Ha3biBaeMbix NP-
[TOJTHBIX TTPODJIEM, KOTOPhIE CIUTAIOTCS AJITOPUTMUIECKU TPY/I-
ubivu (cM., Hanpumep, |1, 23]). K NP-nosabiv npobiemam or-
HOCHUTCsI, B 9acTHOCTHU, mpobjema BoinosauMoctuy KH®, koro-
pas cocTouT B TOM, 9T06bI 110 3amannoit KH® BeisicanTh, paBHna
TOXKIeCTBEHHO HYJt0 peasmayemasi eto OAJI mwim ver. Takum 06-
pasoM, Jaxe nocrpoenne cokparienuoii JJTH® uz KHD (cwm. §3)
SIBJISIETCS. AJITOPUTMUYECKU TPYJIHON 3ajadeii.

C apyroit croponst, FO.1. ZKypasaes [9, 6] npemioxui npu-
menuTeibHO K JIH® Mosesib Tak Ha3bIBAEMBIX JIOKAJIBHBIX HJIH
OKPECTHOCTHBIX AJITOPUTMOB, KOTJ1a IIPeobpa3oBaHue paccMar-
pUBaeMOil rpaHU OJHO3HAYTHO OIIPEJIE/ISETCS «COCTOSHUEM» €€
«OKPEeCTHOCTH» 3aJaHHoro nopsijika (cm. §4). On xe (cM. Teo-
pemy 8.1) mokasasi, 9To mpu mocrpoeHnn MuHHMaabHO JTH®
st DA uz Pa (n), n > 3, upuxomurcst, B 00IIeM ciIydae, pac-
CMaTpUBATh OKPECTHOCTH MOpsIKa (1 — 3) ee MaKCHMAaJbHBIX
rpaneii. CireroBaresibHo, 3aga4a MuauMusannu JIH® siBistercst
TPYAHON U C TOYKHU 3PEHUS YPOBHS JJOKAJIHHOCTH UCIOIH3YEMbBIX
AJITOPUTMOB.
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Q2

N1 Na

o] e %]

04t+1\_,
a) b)

Puc. 8.1: muoxecrBo Ny nia nennoit 1 nukamdeckoir GAJI f

Omnpenemnm JTHO® cymma muanvanbubix PAJT f (JHD XM
QAJI f) Kak JUIBIOHKIUIO BCEX TEX €€ MPOCTHIX MUMILIUKAHT,
KOTOPBIE BXOJST XOTsI 661 B oHy MuHnMabayo JH® OAJT f.

Oyukrys f (x1,. .., Ty) HA3BIBaETCH Uuennol (YuKkAuveckot)
dynryuets daunn t, ecm ee cokparennast JJH® ¢ «reomerprude-
CKOi» TOYKU 3PEHUs [IPEICTABIISIET CODOil 1eNb (COOTBETCTBEH-
HO I[IUKJI) U3 ¢ T10CIe10BaTebHO coequneHnbix pedep N1, No, ..., N
kyba B™ (cm. puc. 8.1a u 8.1b). 3amerum, 4TO NUKITYECKAs]
OAJI ayuHbI ¢ cyIiecTByeT TOTJAa U TOJIBKO TOrA, Korma t > 6 —
verHoe 4ucio, a nendad PAJI jumnab ¢ — npu Jjobom ¢ > 1.
ITpumep nennoit ®AJI qymuer 3 naer PAJI ¢”, nokazannas na
puc. 4.1, a PAJI g (cm. puc. 2.1a) sBisiercs nukndeckoit @AJI
JJIAHEL 6.

U3 Teopemsrt 4.1 cieyer, B 9aCTHOCTH, UTO JJIsl JIFOOOI 1€l
voit ®AJI jnimbbl He Menblne 4 u J060il mukimdeckoit AT
JHH® YT cosrnanaer ¢ coxkpamiennoir JIH®. IIpu srom nenHas
QAJI f meuernoit qmunsl t = 2k — 1 > 3 UMeeT eIMHCTBEHHYIO
vuanMaabHyto JIH®, koropas coBnanaer ¢ ee JITH® XM u co-
orBercTByeT NOKpbITHIO (cM. puc. 8.1a) N1 UN3U. . .UN; mmnb
k. leiicTBuTEIbHO, MHOXKECTBO N B IJAaHHOM CJIydae COCTOUT U3
2k HabopoB U He MOXKeT ObITh MOKPBITO (k — 1) pebpom. Kpo-
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an, =1
anl Nn
Qp—1 Ap41
g Q2pn—2
N1 Nop—2
al\/ozzn_l
0

Puc. 8.2: nennass ®AJI nmuner (2n — 2) B kybe B"

Me TOro, IIOKphITHe MHOXkKecTBa Ny, cocrosiee u3 k pebdep, He
MOKeT BKJIIOUATE B cebst pebpa ¢ oOIMMY BEPITUHAMEA U JTOJIK-
HO cojiepkaTh sijposbie pedbpa N1 u Ny @AJI f. Jlerko Busers,
410 TOJBLKO HoKphiTre N1 U N3 U ... UN; 001a/1aeT BceMu 3Tu-
Mu cBoiicTBamu. Takum obpasom, mjs nennoit AJI nederHoit
nnuael t, t > 5, JH® YT e copnamaer ¢ JTHD M.

Teopema 8.1 (cp. [6, 23, 10]). IIpu arwbom n € N, n > 3, 6
Py (n) cywecmeyrom QAJIL f u f", umerowue obuyro npocmyro
umnauxkarmy K, xomopas exodum ¢ JIH® XM odHotl, HO He
exodum ¢ JHD XM Jdpyeoti us amux PAJ u das xomopol

Sn—3 (NKaf/) = Sn—3 (NvaH)-

Jlokasamenvcmso. Jlocrarouno nocrpouts B Py (n) nenuyro dpyHk-
muio f derHoit mmHEl t = 2k > 2n — 2 > 4. JleiicTBuTeNbHO,
ecrm yxkasannas @AJI f naiinena, a ee mHOxkecTBO Np COOTBET-
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crByer puc. 8.la, To, moJaras

Nf/:Nf\{al} u Nf”:Nf\{at-i-l}v

nosyaum nennsie PAJT [ u [ newernoit nymubt 2k — 1 Takue,
aro Kaxoe pedbpo N;, rne ¢ = 2, ..., t—1, Bxomgur B JIHO XM
omHON m3 Hux, HO He BXomuT B JIH® M apyroit. [Ipu stowm,
oueBniHo, Sg_o (Ng, f/) = Sk_o (Ng, ") u, cregoarennuo, uc-
komasi 9K K coorBercTByer pebpy Np.

st 3aBepleHnst J0Ka3aTe/bCTBa BO3bMEM B KadecTBe f
nenuyio PAJI gmmuer (2n — 2), y koropoit muoxkecTBo Ny CO-
crouT u3 Beex Habopos «; = (1,...,1,0,...,0), tae ¢ € [1,n],

i n—i

u HABOPOB Gyt = @, © € [1,n), a pebpo ¢ HOMEpOM j, j €
[1,2n — 2], umeer Bun Nj = {oj, a1} (em. puc. 8.2) u npume-
HUM K Heil OlMCaHHbIE BBIIIE [TOCTPOEHMUSI.

Teopema jokazaHa. ]

Sameuanue 1. VI3 TeopeMbl ciieiiyeT, 9TO KPUTEPUN BXOXKJIe-
nusg DK B JH® XM He nmeeT Taxoro JIOKaJIbLHOTO XapaKkTepa,
kak kpurepuii Bxoxkaenust DK B JTHO XT' (cpaBruTe ¢ Teope-
moit 4.1).

Bamenarnue 2. ssectno [7], uro upu n > 14 B Py (n) umeercs
menuas PAJI werHol mammubl t, t > 2" 11 — 4, Ha ocHoBe KOTO-
pOii cpaBe I IMBOCTh TEOPEMBI MOYKHO YCTAHOBUTB JIJIsST OKPECT-
HocTy nopsazka (5 — 2) (cM. 10Ka3aTeNbLCTBO).
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